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Abstract
M. Milankovitch developed the theory of the Earth’s insolation for research of paleoclimate. The calculations of
insolation by the simplified methods are also used in meteorology, city planning, climatology and other fields, for
example, for studying habitability and detectability of extrasolar planets. The new algorithm for computing
insolation is based on the results of the exact solution of the two-body problem. It differs from the previous method
by simplicity and greater adaptability to computing. The coherent reasoning is provided for a new algorithm and its
realization is given in the MathCad environment. The distributions of insolation in latitude are computed for a year
and for caloric half-year in the contemporary epoch. The change of insolation is computed in equivalent latitudes
for 200 thousand years. The results of computing are compared with the results of other researchers, and the
accuracy of the approach is proven. The dynamics of insolation in the contemporary epoch is computed. The
prospects of application of its results are shown to determine the causes of changes of natural processes that
depend on insolation. The developed approach and the program are applicable for calculating insolation of other
planets. The paper points out some specifications which will be needed when computing insolation of Mercury,
Venus, Jupiter and Saturn.
Key words: insolation, theory, two-body problem, dynamics, program
1. Introduction
The amount of heat reaching the Earth from the Sun, i.e. insolation of the Earth, is an important factor of processes
taking place on our planet. One of the most likely causes of geological changes of the Earth's history may be a
change of its insolation. The effect of insolation on the Earth's climate of past eras is studied for nearly two
centuries. These studies are based on a method for insolation calculation, which M. Milankovitch has completely
presented in his works, for example, in Milankovitch (1939). It is quite complicated. Therefore a series of
operations such as the insolation calculation in equivalent latitudes are usually omitted. Climate is determined by
insolation for all year or for half-year. However, in some papers (Borisenkov et al., 1983; Edvardsson et al., 2002)
climate changes are studied by insolation change on the summer solstice day. In other papers (Berger & Loutre,
1991; Loutre & Berger, 2000), climate changes are considered in terms of insolation dynamics in July. In
Gasperini and Chierici (1997) the Earth’s insolation is considered, taking into account only the Earth’s axis
oscillation with the period of 18.6 years.
Recently, in the literature sources, there has been a lack of understanding of this theory due to its complexity. For
example, it is claimed in Bolshakov and Kapitsa (2011) that Milankovitch ignored the direct contribution of the
eccentricity changes to insolation curve in his calculations. In fact, M. Milankovitch developed the theory for
insolation calculation of the Earth, taking into account all factors, including the eccentricity. Therefore, the
development of a simple algorithm to compute insolation would facilitate its understanding and appropriate
application.
It is worth noting that except Milankovitch, other researchers contributed to the modern theory of insolation.
Hargreaeves (1896) has developed a theory of the mean annual insolation depending on astronomical factors. He
was not interested in seasonal insolation and other components. Garfinkel (1953) in his paper laid the theory of R.
Hargreaeves (1896). He used it for research of the dependence of the mean annual insolation on latitude and
obliquity. A. Berger and his colleagues have greatly contributed to the development and the explanation of the
insolation theory. In (Berger et al., 1993), there are the insolation theory and the definitions of various terms,
including various kinds of insolation: insolation, irradiance, irradiation, daily irradiation etc. The paper (Berger at
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al., 2010) gives a clearer view of insolation. The history of its development is analyzed, hypotheses are underlined
in derivation of equations, a foundation of the solutions of elliptic integrals and the definition of astronomical
terms, used for insolation calculation, are given. Nevertheless, the basic principles of insolation calculation remain
as is, therefore the insolation theory is named as the Milankovitch theory.
Change of insolation on the Earth's surface and its dynamics are of interest to specialists in various fields of human
activity and in different fields of science. For example, the calculations of insolation and its regulation have an
important role for justification of building cities (Baharev & Orlova, 2006). Insolation calculations are used in
various power researches (Harvey, 1995) and for studying habitability and detectability of extrasolar planets
(Dobrovolskis, 2009). Evolution of insolation is calculated not only for the Earth but also for Mars (Laskar,
Correia, Gastineau, & Robutel, 2004; Edvardsson & Karlsson, 2008). The dynamics of insolation is more and
more often used to find correlations while studying the causes of changes of various factors in biology, medicine
and meteorology. In these works the researchers have to develop their own approaches to insolation calculation of
the Earth's surface and influence of motion of Venus (Ivanov, 2002), the other planets (Bogdanov, Katruschenko,
& Surkov, 2006) and the Moon (Bogdanov & Katruschenko, 2008) on it. These approaches, as a rule, take into
account only the change in the distance between the Earth and the Sun from all factors that affect insolation. For
example, Bogdanov and Katruschenko (2008) derived the oscillation amplitude of insolation of 84.9 mW/m2 due
to monthly changes of this distance at the motion of the Moon. From the examples of insolation application, it is
clear that the creation of a simple algorithm for its computing, taking into account all the factors which it depends
on, is urgent. In the algorithm developed by Milankovitch (1939) for insolation calculation of the Earth, the
differential equation is integrated to determine the dependence of the longitude λ of the Sun on time t by an
approximate analytical method. It comes from the Kepler second law. We have derived (Smulsky, 2007; Smulsky,
1999) the exact analytical dependence of time on polar angle ϕo or longitude λ by solving the two-body problem.
This relation greatly simplifies the expression for insolation. Therefore, the method becomes clearer and the
calculations are simplified.
2. The Main Results of the Two-Body Problem
To calculate insolation of the Earth, it is necessary to determine positions of the Sun above a point of the Earth's
surface. Since the Sun is moving relative to the Earth in an orbit that is identical to the Earth's orbit, the Earth's
orbital parameters are used to describe the movement of the Sun throughout one year. Similarly, the parameters of
rotational motion of the Earth are used to calculate the daily movement of the Sun.

Figure 1. Schematics of motion of the Earth (E) in its orbit around the Sun (a) and the Sun (S) relative to the Earth
(b): γ is the vernal equinox; PE is the Earth's perihelion; PS is perigee of the Sun, ϕо is the polar angle of the Earth;
ϕpγ is the angle of the perihelion of Earth; ν = ∠γEPS is the perigee angle of the Sun; λ is longitude of the Sun; the
dotted line and the its points E′, P′E and γE are conditional images of the Earth's orbit on the schematic of the orbital

motion of the Sun

Figure 1 shows the schemes of motion of the Earth relative to the Sun and the Sun relative to the Earth. The Earth's
orbital plane (Figure 1a) crosses the plane of the equator by line Sγ. The Sun passes the vernal equinox γ in its orbit
in the spring, and the Earth – in the autumn. In point γ the Sun is in the plane of the Earth's equator, so the day
duration is equal to the night duration. The planes of equator and orbit of the Earth change in space, so point γ is
moved on the Earth’s orbit (Figure 1). Angle ϕpγ is measured between these two points γ and PE.
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Let's consider the motion of a planet with mass m at gravitational Newton's law interaction with the Sun, which has
a mass M. The differential equations of its motion relative to the Sun in the dimensionless variables are given by
Smulsky (1999):

312

2

rtd

d rr

α= , (1)

where pRrr = is the dimensionless radius of planet position relative to the Sun;
t = t·vp/Rp is the dimensionless time;

( )2
11 ppυRμα = is the trajectory parameter;

μ1  = −G(M+m) is the interaction parameter;
G is the gravitational constant;

PR is the perihelion radius;
vp is the planet velocity at perihelion.

The movement in dimensionless variables r , t , as follows from (1), is completely determined by the trajectory
parameter α1. It is worth noting that this parameter is identical to the eccentricity e, and they are related by the
following expression: e = - (1 + α1)/α1. In the differential equations of the electromagnetic interaction (Smulsky,
1999), parameter α1 plays a similar role of the parameter of trajectories to which the notion of "eccentricity" is
inapplicable. Therefore, it is preferable to use α1 instead of eccentricity e.
As a result of integration of equation (1), the equation for trajectory and relations for motion time t(r) from the
distance r between the bodies for various cases of motion are derived (Smulsky, 1999). The trajectory equation in
polar coordinates (r, ϕо) has the following view in dimensional variables

( ) 11 cos1 αϕα −+
=

o

PRr , (2)

where ϕо is the polar angle of the body on the orbit, measured from the perihelion radius r = SPE = PR (see Figure
1а).
Equation (2) represents: a circle at α1 = -1, an ellipse at -1 < α1 < -0.5, a parabola at α1 = -0.5, a hyperbola at -0.5 <
α1 < 0, a straight line at α1 = 0. It should be noted that the trajectory parameter α1 can be determined at a known
orbit through the smallest PR and the biggest aR orbit radii as follows:

( )aap RRR 2)(1 +−=α .

This equation shows that PR  = aR and parameter α1 = -1 for the circle, and ∞→aR and α1 = - 0.5 for the
parabola.
According to the solutions of the two-body problem (Smulsky, 2007), the velocity at perihelion can be calculated
by the equation:
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where Psd is the orbital period. In the two-body problem, it is considered in relation to a non-accelerated coordinate
system. It's the period of its revolution around the Sun relative to the fixed stars (sidereal period) for a planet. The
average period Psd = 365.25636042 days for the Earth. This value of Psd is derived as a result of generalization of
the observation data for all the history of astronomical observations. While computing the interaction of the planets,
the Sun and the Moon, it was received (Melnikov & Smulsky, 2009; Smulsky & Smulsky, 2012) that in different
epochs the orbital periods change little about Psd. Therefore, this difference is neglected.
To find the dependence of time on a polar angle, the function r(ϕo) is substituted in the solution t(r) of the
two-body problem (Smulsky, 2007) according to (2). Then the time of a body’s movement on its orbit (see Figure
1a) from the perihelion point PE to point E with angle ϕo is calculated by equations:

 tfp = tfp′ at ϕo ≤ π and tfp = 2⋅ta - tfp′ at π < ϕo ≤ 2⋅π, (4)
where
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Here, as follows from (4), the motion time from the perihelion to aphelion at ϕo = π is
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After substituting vp from (3) to (5), it is derived that ta = 0.5⋅Psd. In the solutions of the full orbital task and in
observations, the motion time from perihelion to aphelion ta varies little about 0.5⋅Psd. In this formulation we
neglect these oscillations. Let's consider the neglect of oscillations Psd and ta as the first simplification.
3. Geometric Characteristics of Insolation
Let's consider solar irradiation of point M on the Earth's surface (see Figure 2). Let's use all basic notations
accepted by Milankovitch (1939). The plane of the horizon for point М is displayed on the celestial sphere 1 by the
horizontal circle HH′. A perpendicular to plane HH′ intersects the plane of the celestial sphere 1 in the point of
zenith Z. The Sun S performs annual motion on its orbit around the Earth, which is projected onto the celestial
sphere by the ecliptic circle EE′. The movement occurs counterclockwise with the origin of longitude λ of the Sun
at the vernal equinox γ. At this point the Sun is in the equatorial plane, when it passes from the southern
hemisphere to the northern hemisphere.
The daily movement of the Sun occurs as follows. The Earth together with observer M, horizon circle HH′ and
meridian NZE′A′H′ rotates around rotation axis NM, which is called a world axis. The rotation occurs
counterclockwise. Therefore, the Sun moves clockwise in circle SrMdSd in parallel to equator AA′ relative to the
Earth and, in particular, relative to horizon circle HH′. It rises above horizon HH′ at point Sr, it is at Md at noon,
and it goes down over the horizon at point Sd. The hour angle of the Sun ω will be measured from the noon point
Md. The arcs from sunrise to noon SrMd and from noon to sunset MdSd have the same length, which is designated
as ω0. Therefore, the hour angle of the day varies within the limits of -ω0 ≤ ω ≤ ω0. The duration of the day is equal
to ωd = 2ω0, and the duration of the night is ωn = 24 - ωd. Here we used the hour angle ω in hours. In addition, it will
apply hereinafter in angular units.

Figure 2. The basic geometrical characteristics of the Sun S at irradiation of point M on the Earth's surface: 1 is the
celestial sphere; НН′ is the plane of the horizon; N is North pole; AA′ is the plane of the mobile equator; ЕЕ′ is the
plane of the mobile ecliptic, and ε is the angle between planes AA′ and ЕЕ′; Z is zenith of point M, and z = ∠ ZMS
is the zenithal angle of the Sun; the arc HN = ϕ is the geographical latitude of point M; ω = ∠ ZNS is the hour angle

of the Sun, measured from noon; δ = SB is the declination of the Sun; λ = γS is the longitude of the Sun
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At the position of observer M and the Sun S, as shown in Figure 2, the duration of the day ωd is longer than the
duration of the night ωn. When the Sun S is at E′, the duration of the day will be the longest. This is the point of the
summer solstice. When the Sun S is at point E, the duration of the night is the longest. This is the point of the winter
solstice. And when the Sun S is at γ or γ′, its daily motion will occur by the equator’s circle AA′. This circle
intersects the horizon’s circle HH′ in its diameter, so the passage of the Sun over the horizon and below it is the
same, i.e. the duration of the day is equal to the duration of the night.
If the observer at point M (see Figure 2) is located at higher latitudes, i.e. arc HN will be higher, then circle SMd
will not cross the horizon circle HH′. In this case observer M will have a polar day. When the Sun S is in the
southern hemisphere close to point E, the circle of its daily motion will not cross the line of horizon HH′. In this
example of the latitude, the observer at point M will have a polar night.
The plane of equator AA′ and the plane of ecliptic EE′ change in space, so that the vernal equinox γ moves
clockwise per year for 50″.25641. As already noted, the annual motion of the Sun passes counter-clockwise on the
circle of ecliptic EE′, that is reflected by change of longitude λ, beginning from the vernal equinox γ. Therefore,
the time of the Sun’s passage of two consecutive points of the vernal equinox, i.e. tropical year Ptr = 365.24219879
days, is the less than sidereal year Psd. To avoid shifting the seasons of year in dates, our calendar is based on the
tropical year. Therefore, the seasonal and half-year insolation of the Earth is determined by the duration of the
tropical year.
4. Flux of Solar Heat
By neglecting the absorption of solar radiation in interplanetary space we can accept that the same amount of heat
per unit of time proceeds through heliocentric spherical surfaces with radii r and a

 4πr2dWn(r)/dt = 4πa2dWn(a)/dt, (6)

where dWn(r)/dt is the flux of radiant energy per unit area at the distance r from the Sun per unit of time; a is the
average radius of the Earth's orbit, i.e. its semi-major axis a = 0.5 (Rp + Ra), where Ra is the aphelion radius.
The flux of heat from the Sun at distance a is called the solar constant J0

J0 = dWn(a)/dt. (7)

M. Milankovitch used its value of J0 = 2 cal/(cm2⋅min). This value can be written in other units as: J0 = 83.736
kJ/(m2⋅min) = 1395.6 W/m2.
At present, the solar constant is known with a greater accuracy. Since 1907, the radiation of the Sun has been
investigated by the Davos Physical Meteorological Observatory in Switzerland (Fröhlich & Finsterle, 2005),
which has been operating under the aegis of the World Meteorological Organization since 1971. In 1996, J =
1366.784 W/m2 was accepted as the World Radiometric Reference (WRR) on the basis of data analysis from
different radiometers. Since 1978, the radiation of the Sun has been measured outside of the atmosphere, i.e. on the
satellites. Both in ground-based measurements, and in satellite ones the flux of solar heat in each series changes
within the tenth parts of a percent. And in all series the radiation of the Sun ranges from 1358 W/m2 to 1375 W/m2

(Willson and Mordvinov 2003). The value of the solar radiation J = 1366.22 W/m2 is accepted as the Space
Absolute Radiometric Reference (SARR) (Crommelynck, Fichot, Lee, & Romero, 1995). In order to maintain
continuity with the calculations of other researchers in all calculations below, we use J0 = 83.736 kJ/(m2⋅min),
accepted by M. Milankovitch.
Based on (7), the flux of solar radiation according to expression (6) can be written as dWn(r)/dt = J0⋅a2/r2. Then the
flux of solar heat at distance r from the Sun on the Earth's surface area, perpendicular to the rays of the Sun, would
be:

2
0

ρ
J

dt
dWn = , (8)

where ρ = r/a is the relative distance to the Sun.
The line of zenith MZ (see Figure 2) is perpendicular to the considered area. If the angle between the Sun and the
zenith is z, then the heat flux at point M is

z
dt

dW
dt

dW n cos⋅= . (9)
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The zenithal angle z of the Sun depends on the angular coordinates of the points M and S. In the spherical triangle
NZS, angle ∠ N = ω and the two adjacent sides NZ = π/2 - ϕ and NS =π/2 - δ are known. The side ZS of the triangle
is an arc, which is measured by the central angle z (see Figure 2), i.e. z = ZS. This angle and the arc are determined
by the law of cosines (Duboshin, 1976)

cos z = cos(ZS) = cos(π/2-δ)·cos(π/2-ϕ) + sin(π/2-δ)·sin(π/2-ϕ)·cos ω. (10)
After substitution (8) and (10) in (9), we receive the radiation law of point M depending on its latitude ϕ and angles
δ and ω of the Sun’s position

)coscoscossin(sin2
0 ωϕδϕδ

ρ
⋅⋅+⋅⋅= J

dt
dW . (11)

Further, it is accepted that points M of the Earth's surface have the same relative distance ρ to the Sun at all
latitudes ϕ. In reality this distance varies within value of the Earth’s radius RE. The relative error is accepted about
RE/a = 4.3⋅10-5 for the calculation of insolation. Let's consider it as simplification 2. The third simplification
concerns the form of the Earth. The zenithal angle z of the Sun is determined in relation to the line of zenith ZM
(see Figure 2), which is drawn perpendicular to the surface of the Earth and passes through its center. For an
ellipsoidal surface of the Earth it is true for points M at the poles and the equator. And at intermediate latitudes, the
zenithal angle for the ellipsoid will differ slightly from expression (10). The fourth simplification is due to the fact
that the solar constant J0 is accepted unchanged. As already noted, it has some minor variations in time. Perhaps in
the future, its variation law will be revealed which can be put into the calculation of insolation. At this stage the
change of insolation, caused by these four factors, are not taken into account.
5. Daily Insolation
According to (10), the zenithal angle z of the Sun, and, hence, flux of radiation (11) can take values greater than
zero, zero and negative depending on latitude ϕ of point M and angles δ and ω of the Sun’s position. The positive
values of insolation dW/dt correspond to the day-time, zero ones – to the time of sunrise and sunset, and negative
ones – to the night-time.
As noted earlier, the reading of the zenithal angle z of the Sun in Figure 2 begins at noon. Therefore its greatest
negative value (-90°) will correspond to sunrise, and the largest positive value (90°) – to sunset. From cos z = 0 in
(10) or dW/dt = 0 in (11), we derive the dependence of the hour angles of sunrise and sunset on latitude ϕ of point
M and on declination δ of the Sun

ω0 = arcos(-tg ϕ ⋅ tg δ). (12)
So, arcs SrMd and MdSd are equal to ω0 in Figure 2, and the day-time is defined by the hour angles of the Sun,
-ω0 ≤ ω ≤ ω0. Therefore, the specific amount of heat, coming in per light day, i.e. to point M on the Earth's surface
per day, may be defined for the day-time by integration (11). After transition from time t to the hour angle ω the
daily insolation is received as:

ω
ω

ω

ω

d
d
dt

dt
dWW ⋅= ∫

−

0

0

. (13)

Here W is the amount of solar radiation coming to point M on 1 m2 of the Earth's surface per day.
As time is counted on the basis of the mean movement of the Sun, a complete turn ω = 2π of the Sun around the
Earth corresponds to the time of the day in minutes τ = 24⋅60 = 1440 min, i.e. on the average dt/dω = τ/2π. After
the substitution of dt/dω and flux of solar radiation according to (11) in (13), we receive the specific daily
insolation in the following form

ωωϕδϕδ
πρ

τ ω

ω

dJW ∫
−

⋅⋅+⋅⋅=
0

0

)coscoscossin(sin
2 2

0 . (14)

In record (14) we have neglected the change of distance ρ from point M to the Sun during one turn of the Earth
around its axis. During this time, inclination δ of the Sun (see Figure 2) also changes due to its motion along
ecliptic ЕЕ′. Let's also neglect this change. Let's accept it as simplification 5. Its influence is greatly reduced if ρ
and δ refer to the middle of day. Under these conditions in integrand (14) only cos ω depends on the hour angle ω.
As a result of integration (14), the specific daily insolation is derived as:
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)sincoscossinsin( 002
0 ωϕδϕδω
ρπ
τ ⋅⋅+⋅⋅⋅

⋅
⋅= JW , (15)

where the hour angle of the boundary of day ω0 is defined by expression (12).
Declination δ of the Sun can be expressed from the rectangular spherical triangle γSB (see Figure 2), where angle B
is right, ∠γ = ε, and side γS specifies longitude λ of the Sun, i.e. λ = γS. According to the law of sines: sin δ/sin ε =
sin λ/ sin π/2 we receive the declination angle of the Sun

δ = arcsin (sin ε ⋅ sin λ). (16)

Expression (15) for the daily insolation includes the relative distance ρ from the center of the Earth to the Sun.
According to (2), the distance to the Sun r = ρ⋅a is defined by angle ϕo, which is counted from perigee.
The angle of the Earth's perihelion ϕpγ is counted from the ascending node of its orbit γ. As perigee of the Sun PS
(see Figure 1b) is located diametrically opposite to perihelion of the Earth P′E, the angle of the Sun's perigee is

ν = ϕpγ + π. (17)

Because angles λ and ν (See Figure 1b) are counted from the same point, the ascending node γ, the angular
distance of the Sun from its perigee will be defined by the angle

ϕo = λ - ν = λ - ϕpγ - π. (18)

In the calculation of the polar angle ϕo, it is necessary to take into account some issues related to the cycle of
changes in the angles from 0 to 2π. In our solutions of the orbital and rotational tasks the perihelion angle ϕpγ from
the mobile node γ is represented as a series of increasing numbers. Therefore, it’s necessary to change angle ν of
the Sun's perigee into a series of numbers with cyclic change of angles from 0 up to 2π. After the expression of
longitude λ in (18), angle ϕo must also be reduced to the range of angles from 0 to 2π. It’s necessary to perform
these operations during the research of the evolution of insolation for the long intervals of time.
So, longitude λ is included into distance r according to (2) and (18). Therefore, according to (15), the daily
insolation W depends on longitude λ of the Sun and latitude ϕ of point М on the Earth’s surface. Longitude λ is a 
short-period parameter with the cycle of change of 1 year. Eccentricity e or the trajectory parameter α1, the angle of
inclination ε and the angle of the perihelion ϕpγ are long-period parameters, which are part of the daily insolation W
according to (15).
6. Change of the Sun�s Longitude for Days of Year
The Sun moves non-uniformly in the orbit, for example, faster in perigee, and slower in apogee. Therefore, to
calculate the insolation for the particular days of the year, it is necessary to define the Sun’s longitudes appropriate
to these days, i.e. it is necessary to define the dependence of the longitude on time. The time of motion tfp from
perigee to the point in an orbit with angle ϕo is defined by (4). According to (18), the Sun’s longitude λ occurs in
angle ϕo. Then, using equation (4) for time tfp of the orbital motion, it is possible to define a series of longitudes,
which are appropriate to days of year. This task is solved by the method of successive approximations. Initially an
equal series of longitudes is set

λ0i = λ0i-1 + Δλ0, i = 1, 2 … 365, (19)

where λ00 = 0; Δλ0 = 2π/365.
According to (18), the appropriate series of angles ϕo,i of the Sun’s position is defined from perigee. Then
according to (4), a series of the time moments tfp,1,i is defined appropriate to longitudes (19).
The derived discrete values of tfp1,i/ed, where ed = 24⋅3600 is the number of seconds in a day, differ from integers
of days in a year Tdi = 1, 2, … 365. Therefore, the adjusted series of longitudes is calculated

365...2,1,00;0011
0,110,1

010
010 =⋅

−
−+=

+

+
+ ied

tt ifpifp

ii
ii

λλλλ , (20)

where λ10 = 0.
Angles ϕo,1,i are calculated from the new values of λ1i according to (18), and then the adjusted time moments tfp,2,i
are defined by equation (4). The intervals of time tfp,2,i+1 - tfp,2,i between the adjacent longitudes must be equal to
length ed of a day. Therefore, the relative error value of time between the adjacent longitudes λ1i is calculated as

ededttt ifpifpifp /])[( ,2,1,2,,1, −−= +δ , (21)
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and also the average value of the error

∑
=

=
365

1
,1,,1, 365/

i
ifpmfp tt δδ . (22)

δtfp,1,m represents the average relative error of time, which is defined by the adjusted series of longitudes.
Similarly, starting with the calculation of the adjusted series of longitudes according to (20), these operations can
be repeated for derivation of new refinements λ2i, λ3i, λ4i etc. The computations show that after the first
refinement, the error is δtfp,1,m = 7.09⋅10-4, after the second refinement δtfp,2,m = 3.43⋅10-5 and after the third
refinement δtfp,3,m = 7.15⋅10-7. The relative error of about 10-5 ÷ 10-7 is quite sufficient for further insolation
computation. If it is necessary to reduce it further, it is possible to perform some more refinements according to the
above-stated algorithm.
Next, the computation error for longitude λ365 for the last 365-th day of the year is computed. As a complete turn of
the Sun around the Earth occurs at angle 2·π for the sidereal year Psd, the rest of the day in excess of 365 days is
Δdsd = Psd - 365. According to the computing longitude of the 365-th day λ365 the excess of the day will be

364365

365 1)2(
λλ

λπΔ
−

⋅−= ddsdc , (23)

where 1d is 1 day, and Δdsdc is calculated in days.
The difference between the calculated excess of the day and the actual one Δdsd represents the accumulated error of
longitude λ365 in days, i.e. Δλ365 = Δdsdc - Δdsd. And the relative error of the longitude will be δλ365 = Δλ365/Δdsd.
The following values of these quantities are received after each of the three refinements: Δλ365 = -0.2 days; -161 s;
-11 s; δλ365 = -0.8; -0.0073; -4.97⋅10-4. As it is seen from these data, each refinement reduces the accumulated error
more than by an order of magnitude.
7. Change of Daily Insolation for Days of Year
Let’s rewrite equation (15) for the daily insolation, expressing inclination δ in it through longitude λ using (16).
Further, longitude of the Sun specified according to algorithm (20) - (22) is meant under λ. Then according to (15),
the daily insolation is
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ρπ
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⋅
⋅= JW , (24)

where the hour angle of sunrises and sunsets can be written according to (12) as:
ω0 = arcos{-tg[arcsin(sin ε ⋅ sin λ)]⋅tg ϕ}. (25)

The relative distance to the Sun in (24) ρ = r/a, where r is defined by (2). As according to the two-body problem
(Smulsky 2007; Smulsky 1999) Rp/a = (2α1 + 1)/α1, then using (18) for the polar angle ϕo, the relative distance can
be written as
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+=
p

, (26)

where, as previously mentioned, the trajectory parameter α1 is unambiguously related to the eccentricity: α1 = -1/(1
+ e).
So, the specific daily insolation of the Earth is completely defined at any of its latitude and in any day of the year
appropriate to the longitude λ by (24) - (26). In the series of the specified daily longitudes λi, where i = 1 ... 365,
longitudes count from the moment of the vernal equinox, i.e. March 22, and till March 21 of the next year. Let's
note that there is some difference of the calculated longitudes from the ones corresponding to calendar days. This is
due to the fact that the moment of the equinox does not coincide with the beginning of a day, a calendar year does
not coincide with a tropical year Ptr and a leap-year jumps up by one day. Therefore, further the computing of exact
dates will be considered.
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Figure 3. Change of daily insolation W in MJ/m2 for days of year at different latitudes ϕ from + 90° to - 90°. Time
Td in days is counted from the moment of the vernal equinox on March 22 (the 1950 epoch). The numerics in the

graphs show the latitudes in degrees, and the maximum Wmax and the minimum Wmin daily insolation at each
latitude in MJ/m2: NP is the North Pole; Eq is the equator; SP is the South Pole

According to (24), longitude λ defines the change of daily insolation W for the year, and parameters ε, fpγ, α1 or e,
which are included into expressions (24) - (26), allow to calculate daily insolation in any epoch and to explore its
variation. Figure 3 shows the variation of daily insolation for time Td in days at different latitudes from ϕ = 90° at
the North Pole to ϕ = - 90° at the South Pole. The days are counted from the moment of the vernal equinox on
March 22. In the middle latitudes of the Northern Hemisphere, daily insolation W reaches its maximum Wmax in the
summer and its minimum Wmin in the winter. Their values are given for any latitude in the graphs. At high latitudes,
the minimum insolation Wmin = 0, i.e. the polar night comes. There are two minima and two maxima at the equator
(ϕ = 0°). The maxima correspond to the moments when the Sun passes across the equator, i.e. on the equinoxes,
and minima – on the solstices.
As it is seen from the graphs, the highest daily insolation occurs at the poles during the polar day, for example, at
the North Pole Wmax = 46.4 MJ/m2, and at the South Pole Wmax = 49.6 MJ/m2. At the equator, the maximum daily
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insolation is much lower Wmax = 38.8 MJ/m2. At the same time, the minimum insolation Wmin = 34.1 MJ/m2 is a
little different from the maximum. However, the minimum insolation at the equator, as shown in Figure 3, is the
highest among the minima at all latitudes.
It is seen from comparison Wmax and Wmin, the summer insolations are higher in the Southern Hemisphere, and the
winter ones are lower than the appropriate insolations in the Northern Hemisphere. It is caused by the fact that the
perihelion falls on the winter time in the Northern Hemisphere.
8. Insolation for a Year
As already noted, the tropical year is more than 365 days. The excess of a day in tropical year is defined by Δdtr =
Ptr - 365. Then the complete insolation QT for a year can be calculated by adding up daily insolations this way:

∑
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1
365

i
triT dWWQ Δ , (27)

where Wi is the daily insolation calculated according to (24) depending on longitude λi of the Sun, and W365 is the
daily insolation of the last day.
The main difference between our method of insolation calculation from the one of M. Milankovitch consists in
calculation of insolation for the intervals of time which include a series of days, for example, for seasons, half-year
and a year. M. Milankovitch derives analytical expressions for insolation for the required time intervals. To do so,
he has to perform a series of mathematical transformations and approximations. Their point is to derive an
analytical dependence of time on the longitude and then integrate the flux of radiation dW/dt, represented by (11),
over the required interval of time.
In contrast with M. Milankovitch, we derive only the daily insolation by integration the flux dW/dt. Then we
determine the longitude for each day on the basis of solution (4) of the two-body problem. As the longitude and
days are counted from the vernal equinox, it is possible to set any period of time by number of days. In addition, the
daily insolation is defined for each end of the day by expression (24). Therefore, the insolation for any interval of
time is defined by summation of the daily insolation. That’s the way the annual insolation has been defined in (27).
When defining astronomical seasons and half-years for the Northern Hemisphere as Milankovitch defined them
(Milankovitch 1939), day numbers and day count are calculated by longitude λ: spring: λ = 0 ÷ 90°; summer: λ =
0° ÷ 180°; autumn: λ = 180° ÷ 270°; winter: λ = 270° ÷ 360°; summer half-year: λ = 0° ÷ 180°; winter half-year: λ
= 180° ÷ 360°. The insolations for seasons and half-years are defined by summation of the daily insolations (24) in
accordance to day numbers and day count. It is worth noting that the above mentioned astronomical periods are
defined by longitude λ, therefore day counts will be not integers, i.e. will include partial days.
It was possible to do so because we have used time solutions of the two-body problem (see Section 5.2 Smulsky,
1999). M. Milankovitch relates the Sun’s longitude λ with time t on the basis of the differential equation (see (34)
Milankovitch, 1939):
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sd

−= πλρ . (28)

M. Milankovitch integrates equation (28) by the approximate analytical methods. As already noted, in (Smulsky,
1999) the exact analytical solutions of the two-body problem are given for four possible cases of motion: ellipse,
parabola, hyperbola and rectilinear motion. The dependence of the time on the polar angle ϕo or longitude λ is
represented for elliptical motion by equation (4). Thus, the basic mathematical difference of our method from the
method of M. Milankovitch is expressed by (4) and (28).
The algorithmic difference should also be noted. M. Milankovitch was based on technology of manual calculations.
Therefore he had to get analytical dependences. We are based on computing. Therefore we compute insolation for
intervals of time by summation or sampling from an array of daily insolations.
9. Insolation for Caloric Half-Year
In the astronomical theory of paleoclimate, the insolation for summer and winter half-years plays an important role.
However due to the motion of the Earth’s perihelion relative to the ascending node, the length of the astronomical
summer and winter half-years changes. Therefore the caloric half-year of the same length were introduced.
According to Milankovitch (1939), the caloric summer half-year is defined so that insolation W for any day of the
half-year was more than the insolation for any day of the winter half-year.
As already noted, year Ptr is defined by the number of days between two Sun’s passages of the vernal equinox point
γ. The value of Ptr exceeds 365 by almost a quarter of a day. To find the caloric half-years, the insolation is
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considered for the two equal intervals of 182 days (see Figure 4). Their sum is less than Ptr, but this difference is
not important to define the half-years.

Figure 4. To definition of the caloric half-years: 1 - the summer caloric half-year, 2 - the winter caloric half; W - the
daily insolation, Td - the time in days

We have developed two methods of computation for the caloric half-years. In the first method the maximum daily
insolation Wmax for a year (see Figure 4) and the appropriate day number Kmax are defined. The initial number is set
for the summer insolation

Kstp = Kmax - 91 - ΔKstp, (29)

where ΔKstp = 2 at the latitude |ϕ| ≥ 45°; ΔKstp = 5 at 25° < |ϕ| < 45°; ΔKstp = 70 at |ϕ| ≤ 25°.
Displacement ΔKstp for the initial day number was determined as a result of the summer insolation computation at
different latitudes.
To simplify computing of the summer insolation, the insolation array Vi2, i2 = 1, 2… 730 is created, which includes
two arrays Wi from the insolations for a year:

Vi = Wi; Vi+365 = Wi. (30)

The extended array of daily insolation Vi2 is required for the selected interval for the half-year (see Figure 4) not to
split up.
Some variants of the summer half-years with the initial indexes in the range of jS = =Kstp…Kstp + 2ΔKstp, are
considered. The insolation sums are computed for these half-years 182 days long:
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where j3 = 0, 1…181; here js = js and j3 = j3, i.e. differently written indexes are identical.
The maximum value of array VSjS with index jp0 is accepted as the main summand of insolation for the summer
caloric half-year. And the complete insolation is defined by expression:

QS = max(VSjS) + 0.5⋅(1 + Δdtr)⋅Vjp0+182. (32)

In (32), the additional summand 0.5⋅(1 + Δdtr)⋅Vjp0+182 is caused by adding the insolation for half of difference
between a tropical year and for the considered period of 2⋅182 = 364 days.
So, in this method the summer caloric half-year is defined by the maximum insolation for 182 days.
In the second computing method of the summer caloric half-year, jS variants of the summer half-years are
considered, and the initial and final days of the summer half-year are selected so that their insolation was more than
the insolation for the nearest days of the winter half-year. These two methods are equivalent, as the selected
half-years coincide.
As the insolation for the summer half-year is known, the insolation is computed for the winter caloric half-year

QW = QT - QS. (33)
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Figure 5. The distribution of the specific heat in GJ/m2 on the Earth's latitude in the contemporary epoch (1950): QS
is for summer caloric half-year; QW is for the winter caloric half-year; QT is for all year: in the graph QT is reduced

twice; ϕ > 0 is the northern hemisphere; ϕ < 0 is the southern hemisphere; Mil is the calculations of M. 
Milankovitch for the 1800 epoch

Figure 5 shows the change on latitude ϕ° of summer QS, winter QW and twice-reduced annual insolations QT in the
contemporary epoch. The insolation for a year QT monotonically decreases from the equator to the poles. In the
meantime, at the poles it is 2.4 times less than at the equator. The winter insolation QW near the equator has a
maximum value, and at the poles it tends to zero. Summer insolation QS has the maximum value near the tropics
(ϕ = ± ε° = ± 23.4°) and the lowest values at the poles. In the meantime in the contemporary epoch, summer
insolation QS, as it is seen from the graph in Figure 5, is lower at the North Pole than at the South Pole. Also in the
northern tropics the summer insolation is 1.04 times less than in the southern tropics.
10. Insolation in Equivalent Latitudes
The climate condition in a given geographical location, except insolation, depends on other factors. To have the
ability to define changes of climate in different epochs by value of insolation, Milankovitch (1939) has proposed to
express the Earth’s insolation in equivalent latitudes. If in epoch T, summer insolation at latitude ϕ was the same as
in contemporary epoch T0 in summer at latitude ϕ0, then the insolation in equivalent latitudes will be I = ϕ0.
Through the value of such insolation I in a point with geographical latitude ϕ, it is possible to say how much
warmer or cooler the climate has become.
As shown in Figure 5, summer insolation QS in the 1950 epoch was taken as standard. Let's denote its values at
different latitudes as QS,n,i3 and ϕn,i3, where n is a sign of the standard latitude, i3 is an index of the specific value of
the latitude. So, there is a functional relation for standard summer insolation QS,n,i3(ϕn,i3). To define the standard
latitude, at which the insolation QS in epoch T is equal to QS,n in epoch T0, it is necessary to use the inverse relation
ϕn,i3(QS,n,i3). However, as the insolation QS,n, as seen from the graph in Figure 5, has several maxima that the
relation ϕn,i3(QS,n,i3) is ambiguous. Therefore it is necessary to divide it on the monotonous sections. For example,
for the northern hemisphere the section is considered from the minimum value QS,n,min at ϕ = 87.5° and with the
imin index to the maximum value QS,n,max at ϕ = ε° and with the imax index.
As the relation ϕn,i3 (QS,n,i3) for the standard insolation is discrete, then the insolation in equivalent latitudes is
defined at any value of specific insolation QS by parabolic interpolation

I = AiQ-1⋅Q2
S + BiQ-1⋅QS + CiQ-1; (34)

where iQ is the index of origin of a parabolic section of approximation.
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Coefficients Ai3, Bi3 and Ci3 included into (34) are calculated for any index i3 so:
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where i3 = imx … imin-2.
Index iQ in expression (34) is selected so that the value of the insolation QS considered in epoch T was between the
values of QS,n,iQ-1 and QS,n,iQ.
So, the summer insolation I in the equivalent latitudes is defined depending on the standard summer insolation
QS,n(ϕn) in epoch 1950 by the known specific summer insolation QS in kJ/m2 in epoch T from equation (34) - (37).
The insolation graph QS is shown in Figure 5. Table 1 shows the distributions of the standard insolation in the
latitude and coefficients A, B, C for the summer insolation in the northern hemisphere at the monotonous section
25°≤ϕ≤87.5°.

Table 1. The distribution of the standard summer insolation QS,n in kJ/m2 in the latitude of the northern hemisphere
(epoch 1950) and coefficients A, B, C of an interpolating parabola at J0 = 83.736 kJ/(m2⋅min)

i3 ϕ°n QS,n A B C
1 25 7198511 -1.586825E-08 0.22787858 -818091.62
2 27.5 7193482.5 -1.305063E-09 0.018607205 -66291.062
3 30 7176406.7 -3.5779392E-10 0.0050386608 -17702.802
4 32.5 7147447 -1.4359084E-10 0.0019853727 -6822.3648
5 35 7106727.9 -7.3370248E-11 0.00099094642 -3301.7795
6 37.5 7054735.1 -4.192297E-11 0.00054922519 -1750.6619
7 40 6991670.4 -2.6076644E-11 0.00032880899 -984.20762
8 42.5 6917939.3 -1.7191908E-11 0.00020662631 -564.15994
9 45 6834036.5 -1.1777458E-11 0.00013312729 -314.74172
10 47.5 6740568.2 -8.226025E-12 8.5613197E-5 -155.83001
11 50 6638283.5 -5.7080254E-12 5.2460194E-5 -46.711181
12 52.5 6528122.1 -3.7293019E-12 2.6856673E-5 36.105695
13 55 6411290.4 -1.9029696E-12 3.6610174E-6 109.74904
14 57.5 6289386.7 2.8443607E-13 -2.3580964E-5 194.55854
15 60 6164627.4 4.2047288E-12 -7.1427882E-5 340.53552
16 62.5 6040307.7 2.0009759E-11 -0.00026049237 905.89164
17 65 5921990.6 6.0889024E-11 -0.00074065184 2315.7568
18 67.5 5823804.4 8.5878878E-11 -0.0010299741 3153.1396
19 70 5753783.9 1.3723453E-10 -0.0016181826 4837.383
20 72.5 5699845.5 2.3455868E-10 -0.0027235597 7975.9714
21 75 5657840 4.9616553E-10 -0.0056753239 16302.244
22 77.5 5625366.5 1.1992349E-09 -0.013568618 38456.459
23 80 5601538.9 4.3162616E-09 -0.048438005 135975
24 82.5 5585207.6 4.5065099E-08 -0.50323412 1404964.3
25 85 5575751.7 4.5065099E-08 -0.50323412 1404964.3
26 87.5 5572727.9 4.5065099E-08 -0.50323412 1404964.3

It is similarly possible to compute the annual and winter insolations in equivalent latitudes.
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The considered algorithm for computing daily W, annual QT, summer QS, winter QW insolations and also of the
insolation in equivalent latitudes I was realized in the MathCad environment as the program Insl2bdEn.mcd (see
the Appendix). For computing of the insolation evolution, the data on evolution of the orbital and rotational motion
of the Earth is additionally set as a series of the variables: T, e, ϕpγ and ε. They are read out from the file, for
example (see the Appendix), INSO_LA2004.txt or OrAl1c_8.prn. For computing summer insolation I in
equivalent latitudes, a series of the variables is set in file InsCvSNJ.prn: i, QS,n, ϕn, A, B and C from table 1. In the
program, a series of conditions, not mentioned here, is also used which provide working efficiency of the
algorithm at possible combinations of used parameters.
11. Checking Reliability of the Algorithm
In table 14, Milankovitch (1939) represents the distribution of insolation on latitude for the caloric half-years in
epoch 1800. These results are given in the canonical units used by M. Milankovitch. They can be calculated in
kJ/m2 with coefficient KKn = 10-5⋅Ptr⋅ed⋅J0/60 = 440. The summer and winter insolations we have computed for the
northern and southern hemispheres in epoch 1800 using the above-considered algorithm. They practically coincide
with the calculations by M. Milankovitch. The differences do not exceed 0.1% and, as a rule, are caused by the last
digit of the numbers, which are given in table 14 (Milankovitch, 1939).
On the graphs of Figure 5, computed for epoch 1950 using the new algorithm for the summer QS and winter
insolations QW, the calculation results of M. Milankovitch are plotted by diamonds. Although these results refer to
different epochs 1950 and 1800, they are practically do not differ in the graphs. The relative difference between
these results for different epochs is about hundredths of a percent and reaches the maximum value of 0.6% for
latitude ϕ = 80°.
It is necessary to note that the insolation calculations of M. Milankovitch in the equatorial area are missing. It is an
illustration of problems of the former method in this area. M. Milankovitch had to divide the whole of the interval
of latitudes into ranges and to derive different expressions for insolation, for example, in polar and middle
latitudes.
Computations were performed to verify the algorithm for insolation computation in equivalent latitudes. In the
work by Sharaf and Budnikova (1969) the insolation in equivalent latitudes is given in a graphic view. However, in
this work the numeric data about the evolution of the orbital and rotational motion of the Earth are missing. These
data are given in the work by Laskar, Robutel, Joutel et al (2004). In this case in the program (see the Appendix),
file INSO_LA2004.txt with the parameters of the evolution of the orbital and rotational Earth’s motion for 21
million years was used. These data are available at Laskar’s website (2004). Based on the data in this file, we
computed the insolation I in equivalent latitudes for 200 thousand years in the future. In Figure 6 our computing is
compared with the calculations by Sharaf and Budnikova. As it is seen, they practically coincide. The small
differences in the extreme points can be caused by two circumstances: the difference between the input data from
Laskar, Robutel, Joutel, and Robutel (2004) and from Sharaf and Budnikova (1969), and also graphic character of
the results of the latter.

Figure 6. The comparison of the insolations in equivalent latitudes, computed by two methods: the new method (1) and
the method of Milankovitch (2): I is insolation in degrees of 15° longitude; T is time in thousands years. The insolation
1 computed by the parameters of the evolution of the orbital and rotational motion from the works by Laskar, Robutel,

Joutel et al (2004) and Laskar (2004), 2 – the graphical results of computing by Sharaf and Budnikova (1969)
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So, all the checks have confirmed identity of the results of the new algorithm for insolation computation to the
results of the algorithm of M. Milankovitch. It should be noted that computing insolation evolution is applicable
for any models of the orbital and rotational tasks. The output of these tasks is the parameters e, ε and ϕpγ, by
which the program Insl2bdEn.mcd computes the insolation. Parameters of other authors can be inputted similar to
inputting the Laskar parameters from file INSO_LA2004.txt (see the Appendix). In this case, it is need to comment
the parameters input from file OrAl1c_8.prn.
12. Dynamics of Insolation in the Contemporary Epoch
As noted in the beginning, the calculations of the Earth’s insolation in the contemporary epoch are used in different
areas. According to the above-mentioned algorithm, using the program Ins12bd.mcd in the Appendix, insolation
can be computed by setting the parameters of the Earth’s orbit and the plane of the equator for epoch 2000.0 Simon,
Bretagnon, Chapront et al. (1994).
 e0 = 0.01670863; ε0 = 0.4090926; ϕpγ0 = 1.7965956; JDp0 = 2451548.8, (38)
where JDp0 is the Julian day of passage of the middle Sun through perihelion, which is defined according to our
data; JDp0 corresponds to the calendar date 05.01.2000 and the time 7:12:00 GMT.
Parameters e0, ε0 and ϕpγ0 are the averaged elements of the Earth's orbit and the positions of its axis, which motion
of the "middle" Sun and the "middle" axis of the Earth’s rotation are characterized by in astronomy. The Julian Day
JD0 = 2451545, the calendar date 01.01.2000 and the Greenwich time 12:00:00 correspond to epoch 2000.0.
The distribution of daily insolation W by latitude and days of a year is computed using the algorithm in item 6 of
the program, described in (15). The days of year are counted from the point of a spring equinox, which day number
j = 0 corresponds to. And day number jp, corresponding to the moment of passing the perihelion by the Sun, is
defined by perihelion longitude λp. The Julian date of each day JDd is defined, if it is necessary, by the number of
days kd after the Julian perihelion date JDp

JDd = JDp + kd. (39)
In case a day precedes the perihelion date, kd < 0. A calendar day of the year is defined by the equivalent rendition
tables of Julian days JDd to a certain date (for example, see IAA Transactions (2004)). The time interval of the
Sun’s movement from the perihelion to the equinox moment is defined by (4) at longitude λ = 0. In item 4 of the
program, the amount of time from the perihelion to the day of the equinox is expressed by parameter tpγd, i.e. kd = 
tpγd = 76.84. Then according to (39), the Julian day of the equinox is JDγ0 = 2451625.6. The calendar date 22 March
2000 and the Greenwich time 02:24 correspond to it.
According to the series of longitudes λi, which are considered in item 5 of the program, the days of the seasons of
the year are computed, with the seasonal limits mentioned earlier: spring 0° < λ < 90°, summer 90° < λ < 180°,
autumn 180° < λ < 270° and winter 270° < λ < 360°; or the days are computed for the astronomical summer: 0° <
λ < 180° and the astronomical winter: 180° < λ < 360°. The insolation for these periods of time is defined by
summation of the daily insolation.
According to item 8 of the program in the Appendix, the insolations for a year and the caloric half-years are
computed. As already noted earlier, the distribution of insolation by latitude for 1950 and 1800 differ mainly in
hundredths of a percent. Therefore, if the short-period oscillations of insolation are not important, then the
insolation, computed with the changeless parameters e0, ε0, ϕpγ0 and JDp0, can be used for an interval of about 100
years.
For the research of reasons for short-period changes in meteorology, medicine, biology and other fields, which are
caused by insolation, more exact calculations are necessary. Figure 7 shows the dynamics of insolation for 100
years. It is based on the results of the solutions for the orbital problem using the system Galactica (Smulsky, 2012)
and the problem of the Earth’s rotation (Smulsky, 2011) at simultaneous action of the planets, the Sun and the
Moon on it. The dynamics of orbital motion is considered relative to the fixed Earth's equator, and the rotational
motion of the Earth is studied relative to the fixed orbit of the Earth. Then the received parameters are recomputed
into the relative variables ε and ϕpγ, determining a position of the moving orbit relative to the moving equator.
Therefore all oscillations of the Earth's orbit and the plane of the equator are included in oscillations of angles ε, ϕpγ
and eccentricity e.
The orbital parameters of the planets were defined with the interval of 1 year, therefore these computations
included their short-period changes with the periods of some years. The solutions for rotational motion include
daily, half-monthly, half-yearly oscillations and also the oscillations with the period of 18.6 years. If the period is
longer, then the amplitude of these oscillations is higher.
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Using parameters ε, ϕpγ and e the dynamics of insolation was computed with help of the program in the Appendix.
These parameters are given in table 2 with the interval of 5 years. Besides in table 2 there are given the Julian days
of epoch JD and the Julian days JDp at the moments of perihelion passage by the Earth. In the program
Insl2bdEn.mcd all these parameters are read out from file OrAl1c_8.prn. It is necessary to note that files
OrAl1c_8.prn, InsCvSNJ.prn and program Insl2bdEn.mcd are free accessible at Smulsky (2013).
In the graph of the annual insolation QT for latitude 80° of the northern hemisphere (see Figure 7), the oscillations
with the period of 18.6 years are well visible. They are caused by the action of the precessional Moon’s motion
upon the rotational motion of the Earth: the Earth's axis oscillates with this period. In this case, the oscillation
amplitude of the insolation is 532 J/m2. In the annual insolation QT there are still half-yearly oscillations with the
amplitude of 31 J/m2, which are not visible because of their small size on the graph.

Figure 7. The dynamics of insolation at different latitudes of the northern hemisphere for 100 years, beginning with
12.30.1949: QS is summer insolation for caloric half-year; QW is winter insolation for caloric half-year; QT is total

insolation for all year
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In insolation QS for the summer caloric half-year at latitude 80° the oscillations of shorter period are visible
together with the oscillations with the period of 18.6 years. To a greater extent they are seen in winter insolation
QW. These insolation oscillations are caused by oscillations of the perihelion angle ϕp of the Earth's orbit with the
periods of 2.75 and 11.86 years, and also its eccentricity e with the periods of 3.98 years and 11.86 years. If for the
summer insolation the oscillations of perihelion are negligible, then for the winter insolation they even surpass the
oscillations with the period of 18.6 years.
All three insolation: QT, QS and QW have a common falling trend at 80° latitude. It is caused by the long-period
decrease in the angle of inclination ε between the planes of the equator and the orbit.
As can be seen from Figure 7, the dynamics of the insolation qualitatively changes with the change of latitude ϕ =
65°, 45°, 25° and 0°. In summer insolation QS the oscillations of the perihelion and the eccentricity are seen more
clearly at 65° latitude. At 45° latitude these oscillations are more prominent for summer QS and winter QW
insolations. At the same time, the winter and summer insolations change in antiphase to each other. Besides, in the
summer and winter, insolations the falling trend, which was at the previous latitudes, is absent.

Table 2. The dynamics of the parameters of the Earth’s orbit and its rotation axis for 100 years from 30.12.1949
with JD49 = 2433280.5; T is the time in sidereal centuries; JD is the Julian day of epoch; e is the eccentricity of the
orbit; ε is the angle between the moving orbit and the moving equator, ϕpγ is the angle between the perihelion of
orbit and its moving ascending node in the plane of the moving equator. JDP is the Julian day of perihelion passage
by the Earth

T, centuries JD e ε ϕpγ JDP

0 2433280.500 0.01674220136 0.4091616307 1.787141716 2433284.737
0.05 2435106.782 0.01672566559 0.4091879678 1.781436815 2435109.814
0.1 2436933.064 0.01676227585 0.4092257260 1.788220450 2436936.972
0.15 2438759.345 0.01673867665 0.4091642935 1.788629228 2438764.131
0.2 2440585.627 0.01673105105 0.4091133198 1.800851582 2440590.997
0.25 2442411.909 0.01671231153 0.4091644133 1.797431716 2442415.087
0.3 2444238.191 0.01672990037 0.4091759892 1.782235510 2444242.099
0.35 2446064.473 0.01676031787 0.4091001848 1.793227470 2446069.258
0.4 2447890.754 0.01669882216 0.4090794136 1.794799473 2447894.371
0.45 2449717.036 0.01673052444 0.4091332328 1.787641468 2449721.529
0.5 2451543.318 0.01672283742 0.4091164493 1.808234553 2451548.542
0.55 2453369.600 0.01671511876 0.4090402810 1.805005623 2453372.485
0.6 2455195.882 0.01669494496 0.4090512378 1.803246385 2455199.498
0.65 2457022.163 0.01670168259 0.4091002365 1.801029825 2457026.802
0.7 2458848.445 0.01675111524 0.4090517953 1.807771818 2458853.815
0.75 2460674.727 0.01669781681 0.4089876396 1.791918327 2460678.928
0.8 2462501.009 0.01671860947 0.4090259849 1.808659189 2462506.086
0.85 2464327.291 0.01669587424 0.4090541814 1.822946059 2464332.806
0.9 2466153.572 0.01669390754 0.4089876672 1.799729397 2466157.042
0.95 2467979.854 0.01671288342 0.4089473460 1.804742513 2467984.055
1 2469806.136 0.01667219608 0.4089995992 1.808594771 2469809.460

At 25° and 0° there is an ascending trend for the annual insolation QT, and also for the summer one at 25° and the
winter one at 0°. At these latitudes the winter and summer insolations also oscillate in antiphase. In their
oscillations, the periods of change in the perihelion of 2.75 years and the eccentricity of 3.98 years are shown, and
the 18.6-year oscillation period of the angle of inclination ε is recognized only in the change in the annual
insolation QT.
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It is worth noting that in Borisenkov et al. (1983), the insolation dynamics is calculated for the summer solstice day
for 200 years, beginning from 1800. The periods, amplitudes and trends of its change are similar to the ones we
calculated and presented in Figure 7. In Stanhill and Moreshet (1994), the changes in annual insolation are
analyzed from 1958 to 1990, which is measured by seven stations of observation. The measured insolation is
approximately two times less than the calculated one due to the processes of reflection and absorption by
atmosphere. However, the decreasing trend of the annual insolation in Figure 7 is observed at many stations.
The dynamics of insolation shown in Figure 7 represent a wide range of its change in time and over the surface of
the Earth. These changes were received within the framework of the strictly deterministic analysis of the
interaction of the Solar System bodies and the geometric characteristics of the Earth’s lighting by the Sun. The
deterministic approach provides different frequencies, different trends, which are differently manifested for
insolations QT, QS and QW. If we address any process occurring in nature, for example, to change in weather or
climate, we also find a wide range of changes. As some reasons for change are unknown, and action mechanism of
other reasons is not defined, the researcher is compelled to use statistical methods for a definition of probabilistic
relations. Therefore the ascertained knowledge about this process is also probabilistic, which assumes unforeseen
situations are possible. Nevertheless, time helps to establish some reasons, and the processes, which previously
seemed random, get clear explanation.
As already mentioned, the measurements of insolation give its oscillations in a certain range, and they do not
repeat from one series to another. Researchers tend to ascribe them to unstable activity of the Sun. In light of the
results, presented in Figure 7, these measurements should be the way they are because the exact changes in
insolation of the Earth do not repeat neither over the Earth's surface, nor in time. Apparently, it is necessary to
subtract these changes from the results of observation. Then the remainder can be explained by activity of the Sun.
As already mentioned earlier, in the work by Bogdanov and Katruschenko (2008) the influence of the Moon’s
rotation on the insolation changes was investigated, which was calculated by the researchers taking into account
only the change in the distance between the Earth and the Sun. As our computations of insolation implies, the
precession of the Moon’s orbit has the greatest influence on the insolation. It causes the oscillations of the annual
insolation with the period of 18.6 years and the amplitude of 532 J/m2 at the latitude of 80°, while the oscillations
of the insolation with the period of 0.5 years have the amplitude of almost 20 times lower. In case of the Earth’s
annual orbital motion, the Earth-Sun distance changes by several orders of magnitude more than in case of the
monthly orbiting of the Moon. Therefore, when performing the exact computation of insolation, the influence of
the Moon’s orbital motion on the insolation is practically absent. Bogdanov and Katruschenko (2008) had not
known the actual mechanism of the insolation dependence on the motions of the Earth and the Moon, so they set up
the hypothesis about the influence of the Moon’s orbital motion on the insolation. Then they create the theory of
insolation calculation depending on the Earth-Sun distance and calculate the insolation array for 300 years. As a
result of the spectral analysis of the array, these researchers derived the probabilistic harmonic with the period of
sidereal month and the amplitude of 84.9 mW/m2 (milliwatts per m2). This is a small value compared with the solar
constant J0 = 1395.6 W/m2. As we noted, when using the exact method of insolation computation, the results do not
seem to have the influence of the Earth's orbital motion which is several orders of magnitude higher. The Moon’s
orbital motion causes the precession of the Earth's rotation axis and they are in the form of the half-monthly rather
than monthly oscillations. These are half-monthly oscillations that influence the insolation of the Earth, but not the
oscillations of the Earth-Sun distance in the course of the Moon’s orbital motion. At the same time, as we noted
earlier, the Moon actually causes the greatest influence among other bodies on insolation with the period of 18.6
years and the amplitude of 532 J/m2 in the annual insolation. However, this influence of the Moon is caused by the
precession of the Moon’s orbit and by the influence of this motion on the dynamics of the Earth's rotation axis.
We have considered this example in detail because it is a typical case of indeterministic approach to the study of
natural processes. As noted in Smul'skii (2013), such approaches are not intended to ascertain all reasons
determining the considered phenomenon. It seems sufficient to take into account some hypothetical reasons in
such approaches, and then to confirm their probability of realization with a huge amount of statistical material. As
shown in this example, the statistical evidence of such reasons may be available, but in reality the phenomenon is
defined by quite different circumstances.
Both of these examples show that exact computations of insolation will contribute to a better quality analysis of
those natural processes, which are defined by radiation of the Sun.
13. Conclusion
This paper considers a new mathematical theory of insolation computation. The difference from the algorithm of
the Milankovitch theory consists, firstly, in a different method for computing the dependence of the Sun’s
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longitude on time. In the new method, this relation is based on the exact solution of the two-body problem.
Secondly, the new method is intended for computations. It allows the researcher to define on his own the type of
processing for insolation data, and not to be limited only to those that were developed when the method was
created. The description of the insolation computation method contains the assumptions used. The first
simplification is related to the distinction between the Earth’s orbital motion and the results of the two-body
problem. The work by Smulsky (2007) shows that these distinctions are insignificant if the parameters of the orbit
change according to its evolution.
The second simplification consists in the fact that the distance of point M on the Earth's surface to the Sun is equal
to the distance between the centers of the Earth and the Sun at all latitudes. For insolation of the Earth, this
simplification gives an insignificant error. Perhaps, for a large planet, such as Jupiter, in some cases it is necessary
to consider the distinction between the distances at different latitudes.
The third simplification neglects the non-sphericity of the Earth. If insolation will be widely used in the future, it
will be required to take into account the Earth’s form in its computations. Perhaps, considering such fast-rotating
planets, as Jupiter and Saturn, the planets’ form, when accounted for, will result in significant corrections of
insolation.
The fourth simplification is when we neglect changes in distance ρ and the angular position δ and λ of the Sun in
the computation of integral (15) for the daily insolation. If we relate values of these parameters to the middle of the
integration interval, i.e. to noon, the error will be insignificant. However, for the slow-rotating planets, such as
Venus and Mercury, integral (15) must be computed with account for the changes in ρ, λ and δ.
The fifth simplification consists in the fact that the Sun’s radiation is deemed to be constant. According to the
researches of the last decades, small oscillations of solar radiation are revealed. If the insolation oscillations,
caused by the Earth, will be deducted from the results of the measurements, then they will represent the dynamics
of the Sun’s insolation. It will be possible to replace J0 in (24) with the daily average value of this quantity. Then
the insolation computations will include the change of the Sun’s activity. The new method of insolation
computation was tested in all modes. The results, computed by it, have coincided with the results of calculations
according to the Milankovitch method. On the one hand, this testifies to reliability of the new method, on the other
hand, the coincidence of the results confirms the reliability of the Milankovitch method.
The approach and the program developed are applicable for insolation computation both for the Earth and for other
planets. To use this approach for Jupiter and Saturn, it will probably require to take into account non-sphericity of
a planet and the dependence of distance ρ on latitude φ. To determine it for Mercury and Venus, it is necessary to
use the dependence of distance ρ on angles λ and δ of the Sun’s position when computing the daily insolation.
When computing planet’s insolation by program Ins12bdEn.mcd, it is necessary to use solar constant J0 of the
planet and also the parameters of its orbital and rotary motion.
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Appendix
The program for insolation computation of the Earth in the environment MathCad
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