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As a result of the analysis of publications it is established that uncertainty of traject ories of Apophis are

caused by imperfection of methods of its determination. The differential equations of motion of Apophis, pla n-

ets, the Moon and the Sun are integrated by new numerical method and the evolution of the asteroid orbit is
investigated. The Apophis will pass by the Earth at a distance of 6.1 its radii on April 13th, 2029. It will be its
closest approach with the Earth during next 1000 years. A possibility of transformation of Apophis orbit to an

orbit of the Earth’s satellite, which can be us ed for various tasks, is considered.

1. Introduction

The background behind the problem we treat in the present
study was recently outlined in [1]. On June 19 - 20, 2004, asteroid
Apophis was discovered by astronomers at the Kitt Peak Obser-
vatory [2], and on December 20, 2004 this asteroid was observed
for the second time by astronomers from the Siding Spring Sur-
vey Observatory [3]. Since then, the new asteroid has command
international attention. First gained data on identification of
Apophis’ orbital elements were employed to predict the Apophis
path. Following the first estimates, it was reported in [4] that on
April 13, 2029 Apophis will approach the Earth center to a mini-
mum distance of 38000 km. As a result of the Earth gravity, the
Apophis orbit will alter appreciably. Unfortunately, presently
available methods for predicting the travel path of extraterres-
trial objects lack sufficient accuracy, and some authors have
therefore delivered an opinion that the Apophis trajectory will
for long remain unknown, indeterministic, and even chaotic (see
[1, 4, 5]). Different statistical predictions points to some probabil-
ity of Apophis’ collision with the Earth on April 13, 2036. It is
this aspect, the impact risk, which has attracted primary atten-
tion of workers dealing with the problem.

L.V. Rykhlova et al. [4] have attempted an investigation into
the possibility of an event that the Apophis will closely approach
the Earth. They also tried to evaluate possible threats stemming
from this event. Various means to resist the fall of the asteroid
onto Earth were put forward, and proposals for tracking Apo-
phis missions, made. Finally, the need for prognostication stud-
ies of the Apophis path accurate to a one-kilometer distance for a
period till 2029 was pointed out.

Many points concerning the prospects for tracking the Apo-
phis motion with ground- and space-based observing means
were discussed in [1, 4 - 6]. Since the orbits of the asteroid and
Earth pass close to each other, then over a considerable portion
of the Apophis orbit the asteroid disc will only be partially
shined or even hidden from view. That is why it seems highly
desirable to identify those periods during which the asteroid will
appear accessible for observations with ground means. In using
space-based observation means, a most efficient orbital allocation
of such means needs to be identified.

Prediction of an asteroid motion presents a most challenging
problem in astrophysics. In [7], the differential equations for the
perturbed motion of the asteroid were integrated by the Everhart
method [8]; in those calculations, for the coordinates of perturb-
ing bodies were used the JPL planetary ephemeris DE403 and
DE405 issued by the Jet Propulsion Laboratory, USA. Sufficient
attention was paid to resonance phenomena that might cause the
hypothetical 2036 Earth impact.

L.E. Bykova et al. [9, 10] used 933 observations to improve
the identification accuracy for initial Apophis orbital parameters.
Yet, the routine analysis has showed that, as a result of the pass
of the asteroid through several resonances with Earth and Mars,
the motion of the asteroid will probably become chaotic. With
the aim to evaluate the probability of an event that Apophis will
impact the Earth in 2036, the authors of [10] have made about 10
thousand variations of initial conditions, 13 of which proved to
inflict a fall of Apophis onto Earth.

E.A. Smirnov [11] has attempted a test of various integration
methods for evaluating their capabilities in predicting the motion
of an asteroid that might impact the Earth. The Everhart method,
the Runge-Kutta method of fourth order, the Yoshida methods of
sixth and eighth orders, the Hermit method of fourth and sixth
orders, the Multistep Predictor-Corrector (MS-PC) method of
sixth and eighth orders, and the Parker-Sochacki method were
analyzed. The Everhart and MS-PC methods proved to be less
appropriate than the other methods. E.A. Smirnov pointed to the
fact that, in the problems with singular points, finite-difference
methods normally fail to accurately approximate higher-order
derivatives. This conclusion is quite significant since below we
will report on an integration method for motion equations free of
such deficiencies.

It should be emphasized that, at close Apophis-to-Earth dis-
tances E.A. Smirnov used, instead of the Everhart method, the
Runge-Kutta method [11]. Since the Everhart method was widely
used in integrating differential motion equations for solar-system
bodies, it is this method whose inaccuracies in treating encounter
problems must be analyzed first of all.

In [12], mathematical problems on asteroid orbit prediction
and modification were considered. Possibilities offered by the
impact-kinetic and thermonuclear methods in correcting the
Apophis trajectory were evaluated.
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An in-depth study of the asteroid was reported in [1]. A
chronologically arranged outline of observational history was
given, and the trend with progressively reduced uncertainty
region for Apophis’ orbit-element values was traced. Much at-
tention was paid to discussing the orbit prediction accuracy and
the bias of various factors affecting this accuracy. The influence
of uncertainty in planet coordinates and in the physical charac-
teristics of the asteroid, and also the perturbing action of other
asteroids, were analyzed. The effects on integration accuracy of
digital length, non-spherical shape of Earth and Moon, solar-
radiation-induced perturbations, non-uniform thermal heating,
and other factors, were examined.

The equations of perturbed motion of the asteroid were inte-
grated with the help of the Standard Dynamic Model (SDM),
with the coordinates of other bodies taken from the JPL plane-
tary ephemeris DE405. It is a well-known fact that the DE405
ephemerid was compiled as an approximation to some hundred
thousand observations that were made till 1998. Following the
passage to the ephemeris DE414, that approximates observa-
tional data till 2006, the error in predicting the Apophis trajec-
tory on 2036 has decreased by 140 000 km. According to [1], this
error proved to be several tens times greater than the errors in-
duced by all minor perturbations. Note that this result points to
the necessity of employing a more accurate method for predict-
ing the asteroid path.

In [1], prospects for further refinement of Apophis’ trajectory
were discussed at length. Time periods suitable for optical and
radar measurements, and also observational programs for oppo-
sitions with Earth in 2021 and 2029 and spacecraft missions for
2018 and 2027 were scheduled. Future advances in error minimi-
zation for asteroid trajectory due to the above activities were
evaluated.

It should be noted that the ephemerides generated as an ap-
proximation to observational data enable rather accurate deter-
mination of a body’s coordinates in space within the approxima-
tion time interval. The prediction accuracy for the coordinates on
a moment remote from this interval worsens, the worsening be-
ing the greater the more the moment is distant from the ap-
proximation interval. Therefore, the observations and the mis-
sions scheduled in [1] will be used in refining future
ephemerides.

In view of the afore-said, in calculating the Apophis trajec-
tory the equations of perturbed motion were integrated [1, 7, 12],
while the coordinates of other bodies were borrowed from the
ephemerid. Difference integration methods were employed,
which for closely spaced bodies yield considerable inaccuracies
in calculating higher-order derivatives. Addition of minor inter-
actions to the basic Newtonian gravitational action complicates
the problem and enlarges the uncertainty region in predicting
the asteroid trajectory. Many of the weak interactions lack suffi-
cient quantitative substantiation. Moreover, the physical charac-
teristics of the asteroid and the interaction constants are known
to some accuracy. That is why in making allowance for minor
interactions expert judgments were used. And, which is most
significant, the error in solving the problem on asteroid motion
with Newtonian interaction is several orders greater than the
corrections due to weak additional interactions.
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As it was shown in [1], some additional activities are re-
quired, aimed at further refinement of Apophis’ trajectory. In
this connection, more accurate determination of Apophis’ trajec-
tory is of obvious interest since, following such a determination,
the range of possible alternatives would diminish.

For integration of differential motion equations of solar-
system bodies over an extended time interval [13], a program
“Galactica” was developed. In this program, only the Newtonian
gravity force was taken into account, and no differences for cal-
culating derivatives were used. In the problems for the compos-
ite model of Earth rotation [14] and for the gravity maneuver
near Venus [15], motion equations with small body-to-body dis-
tances, the order of planet radius, were integrated. Following the
solution of those problems and subsequent numerous checks of
numerical data, we have established that, with the program “Ga-
lactica”, we were able to rather accurately predict the Apophis
motion over its travel path prior to and after the approach to the
Earth. In view of this, in the present study we have attempted an
investigation into Apophis’ orbit evolution; as a result of this
investigation, some fresh prospects toward possible use of this
asteroid have opened.

2. Problem Statement

For the asteroid, the Sun, the planets, and the Moon, all inter-
acting with one another by the Newton law of gravity, the differ-
ential motion equations have the form [16]:

2
dt ki rik
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= & =12, (1)

where r; is radius-vector of a body with mass m, relatively So-

lar System barycenter; G is gravitational constant; r, is vector
r, —r, and ry is its module; n = 12.

As a result of numerical experiments and their analysis we
came to a conclusion, that finite-difference methods of integra-
tion do not provide necessary accuracy. For the integration of
equations (1) we have developed algorithm and program "Galac-
tica". The meaning of function at the following moment of time
t=ty + At is determined with the help of Tailor series, which, for
example, for coordinate x looks like:

K
1
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where x® is derivative of k order at the initial moment .

The meaning of velocity x” is defined by the similar formula,
and acceleration xo” by the formula (1). Higher derivatives xo®
are determined analytically as a result of differentiation of the
equations (1). The calculation algorithm of the sixth order is now
used, i.e. with K=6.

3. Preparation of Initial Data

We consider the problem of interest in the barycentric coor-
dinate system on epoch J2000.0, Julian day JDs = 2451545. Apo-
phis’ orbital elements, such as the eccentricity e, the semi-major
axis 4, the ecliptic obliquity i, the ascending node angle (2, the
ascending node-perihelion angle @, etc., and Apophis” position
elements, such as the mean anomaly M, were borrowed from the
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JPL Small-Body Database [17] as specified on November 30.0,
2008. The data, represented to 16 decimal digits, are given in
Table 1. In [17], the uncertainty regions for those data were also
given. The relative uncertainty value ¢ is in the range from
2.4-10-8 to 8-10-7. The same data are cited in the asteroid database
by Edward Bowell [18], although in [18] these data are repre-
sented only to 8 decimal digits, and they differ from the former
data in the 7-th digit, i.e., within J. In [1], the orbital elements of
Apophis on epoch JD = 2453979.5 (September 01.0, 2006) were
used, which, except for M, differ from the element values in Ta-
ble 1 in the 4th or 5th digit. The latter difference is three or four
orders greater than the uncertainty o.

Element| Value Units|
e .1912119299890948
a .9224221637574083 AU
q .7460440415606373 AU
i, 3.331425002325445 deg
0 204.4451349657969 deg
w, 126.4064496795719 deg

M 254.9635275775066 deg
2454894.912750123770 | JD
’ (2009-Mar-04.41275013) | d
323.5884570441701 d

0.89 yr
n 1.112524233059586  |deg/d
0 1.098800285954179 | AU

Table 1. Orbital elements of asteroid Apophis [17] on epoch Do =
2454800.5 (November 30.0, 2008) in the heli ocentric ecliptic coordinate
system of 2000.0 with JDs = 2451545.

The element values in Table 1 were used to calculate the Car-
tesian coordinates of Apophis and the Apophis velocity in the
barycentric equatorial system by the following algorithm [13, 20].

From the Kepler equation

E-esinE=M (3)

we calculate the eccentric anomaly E and, then, from E, the true
anomaly ¢

@, =2-arctg[\/(1+e)/(1—¢) - tg(0.5- E)] 4

In subsequent calculations, we used results for the two-body
interaction (the Sun and the asteroid) [15, 20]. The trajectory equ-
ation of the body in a polar coordinate system with origin at the
Sun has the form:

R
p

= 5

(a1+1)cos p—-q ©)

where the polar angle ¢ , or, in astronomy, the true anomaly, is
reckoned from the perihelion position r = R; o, =—1/ (1 + e) is
the trajectory parameter; and R, = a-(2a;+1)/ o is the perihelion
radius. The expressions for the radial v, and transversal v, ve-

locities are

0, =v, (@, +1)* = (&, +1/F)’

for p>7 v, <0; ov,=0,/7F (6)
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where 7 = r/R, is the dimensionless radius, and the velocity at
perihelion is

v, = JGlmgs +m,)/(=a)R,) 7)

where ms = m;y is the Sun mass (the value of my; is given in Table
2), and mas=mi; is the Apophis mass.

The time during which the body moves along an elliptic orbit
from the point of perihelion to an orbital position with radius 7
is given by

R, | 7lv,| e (r/2+arcsin{[(2e, +1)F — &, )/(-a, = 1)})
(-2, -1)"?

where v, =v, /v, is the dimensionless radial velocity.

[ =

®)

v, | 20, +1

At the initial time t; = 0, which corresponds to epoch JDy (see
Table 1), the polar radius of the asteroid 9 as dependent on the
initial polar angle, or the true anomaly ¢, can be calculated by
formula (5). The initial radial and initial transversal velocities as
functions of o can be found using formulas (6).

The Cartesian coordinates and velocities in the orbit plane of
the asteroid (the axis x, goes through the perihelion) can be cal-
culated by the formulas

Xo=T0- COS Py ; Yo=ro- Sin @, )

v, =0,-COSQ, =0, sing,; v, =0, -sin@,+v, cosy, (10)

yo

The coordinates of the asteroid in the heliocentric ecliptic co-
ordinate system can be calculated as

Xe = Xo'(COS @erCOS L2 - Sin @,-sin £2°cos i,)

- Yo" (sin @, cos £2 + cos @,-sin 2-cos i,) (11)
Ye = X,°(COS @¢sin £2 - sin @, cos £2°cos i)

- Yo'(sin @,-sin 2 - cos @,-cos £2'cos i,) (12)
Ze = Xo SIN @, SiN 1e + Yo" COS We-SiN 1, (13)

The velocity components of the asteroid v,,v,and v, in

this coordinate system can be calculated by formulas analogous
to (11) - (13).

Since equations (1) are considered in a motionless equatorial
coordinate system, then elliptic coordinates (11) - (13) can be
transformed into equatorial ones by the formulas

X=2X; Y =.C08 & -2,8IN &; z=Y,sin g +z,sin g (14)

where &-is the angle between the ecliptic and the equator in ep-
och |Ds.

The velocity components v,,,0,, and v,, can be transformed
into the equatorial ones v ,v,and v, by formulas analogous to
(14).

In the calculations, six orbital elements from Table 1, namely,
e, ai, £, @, and M, were used. Other orbital elements were used
for testing the calculated data. The perihelion radius R, and the
aphelion radius R, = -R,/(2a1+1) were compared to g and Q, re-
spectively. The orbital period was calculated by formula (8) as
twice the time of motion from perihelion to aphelion (r = R,). The
same formula was used to calculate the moment at which the
asteroid passes the perihelion (r = 7). The calculated values of
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those quantities were compared to the values of P and ¢, given in
Table 1. The largest relative difference in terms of g and Q was
within 1.9-10%6, and in terms of P and t,, within 8-10-.

The coordinates and velocities of the planets and the Moon
on epoch JDy were calculated by the DE406/LE406 JPL-theory
[21, 22]. The masses of those bodies were modified in [13], and
the Apophis mass was calculated assuming the asteroid to be a
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ball of diameter d = 270 m and density p = 3000 kg/m3. The
masses of all bodies and the initial conditions are given in Table
2.

The starting-data preparation and testing algorithm (3) - (14)
was embodied as a MathCad worksheet (program Ast-
Coor2.mcd).

Bodlies, Bodies masses in kg, their coordinates in m and velocities in m/s

: - -174059?3;]%.9539 -6036?>y§714]1ylj94.7243 -304392;52290.4783
! 3-:30187842779737E+23 37391.7107852059 -7234.98671125365 -7741.83625612424
Ry T A e
3| SRS | e | 01140 | s smimeric
| oo D | | s
| ooy [ | ety | st
6| SSSOMOSTORATEDS | s | s bsaasison | 34 schoMSEer
T snomerns [ | e |
| ooz, [kt | s | o
O | SNSRI | i a0 sssizriioor | 17701797905
0| TSR | T o0 a7 | s risesesit
11 1.98891948976803E+30 8 8 8
12| I | e | oty osozinot | ot sussaseas7

Table 2. The masses m; of the planets from Mercury to Pluto, the Moon, the Sun, and Apophis, and the initial

condition on epoch Do = 2454800.5 (November 30.0, 2008) in the heliocentric equatorial coor dinate system on

epoch 2000.0, JDs = 2451545. G = 6.67259E-11 m3/ (s2-kg).

4. Apophis’ Encounter with the Planets and the
Moon

In the program “Galactica”, a possibility to determine the
minimum distance Ryuin to which the asteroid approaches a celes-
tial body over a given interval AT was provided. Here, we inte-
grated equations (1) with the initial conditions indicated in Table
2. The integration was performed on the NKS-160 supercom-
puter at the Computing Center SB RAS, Novosibirsk. In the pro-
gram «Galactica», an extended digit length (34 decimal digits)
was used, and for the time step a value dT = 105 year was
adopted. The computations were performed over three time in-
tervals, 0 + 100 years (Fig. 1, a), 0 + -100 years (Fig. 1, b), and 0 +
1000 years (Fig. 1, c).

In the graphs of Fig. 1 the points connected with the heavy
line show the minimal distances Ryix to which the asteroid ap-
proaches the bodies indicated by points embraced by the hori-
zontal line. In other words, a point in the line denotes a minimal
distance to which, over the time AT = 1 year, the asteroid will
approach a body denoted by the point in the horizontal line at
the same moment. It is seen from Fig. 1, a that, starting from No-
vember 30.0, 2008, over the period of 100 years there will be only
one Apophis’ approach to the Earth (point A) at the moment Ta

= 0.203693547133403 century to a minimum distance Ryina =
38906.9 km. A next approach (point B) will be to the Earth as
well, but at the moment T = 0.583679164042455 century to a
minimum distance Ryuixp = 622231 km, which is 16 times greater
than the minimum distance at the first approach. Among all the
other bodies, a closest approach with be to the Moon (point D)
(see Fig. 1, b) at Tp = -0.106280550824626 century to a minimum
distance Ryinp =3545163 km.

In the graphs of Figs. 1, a and b considered above, the closest
approaches of the asteroid to the bodies over time intervals AT =
1 year are shown. In integrating equations (1) over the 1000-year
interval (see Fig. 1, c), we considered the closest approaches of
the asteroid to the bodies over time intervals AT = 10 years. Over
those time intervals, no approaches to Mercury and Mars were
identified; in other words, over the 10-year intervals the asteroid
closes with other bodies. Like in Fig. 1, a, there is an approach to
the Earth at the moment Ta. A second closest approach is also an
approach to the Earth at the point E at Tr = 5.778503 century to a
minimum distance Ryixe = 74002.9 km. During the latter ap-
proach, the asteroid will pass the Earth at a minimum distance
almost twice that at the moment Ta.

With the aim to check the results, equations (1) were inte-
grated over a period of 100 years with double digit length (17
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decimal digits) and the same time step, and also with extended
digit length and a time step dT = 10-6 year. The integration accu-
racy (see Table 3) is defined (see [13]) by the relative change of
O0M,, the z-projection of the angular momentum of the whole
solar system for the 100-year period. As it is seen from Table 3,
the quantity M, varies from -4.5-1014 to 1.47-10%, i.e., by 12 or-
ders of magnitude. In the last two columns of Table 3, the differ-
ence between the moments at which the asteroid most closely
approaches the Earth at point A (see Fig. 1, a) and the difference
between the approach distances relative to solution 1 are indi-
cated. In solution 2, obtained with the short digit length, the ap-
proach moment has not changed, whereas the minimum distance
has reduced by 2.7 m. In solution 3, obtained with ten times re-
duced integration step, the approach moment has changed by -
2-10-6 year, or by -1.057". This change being smaller than the step
dT =1-10% for solution 1 and being equal twice the step for solu-
tion 3, the value of this change provides a refinement for the ap-
proach moment. Here, the refinement for the closest approach
distance by -1.487 km is also obtained.

Ng SOlu' Lnb dTa yr Wz TAi'TAa RminAi'RminAa
tion yr km
1 34 | 1-10° | 1.47-107 0 0
2 17 | 1-10° | -4.5-10" 0 -2.7-10°
3 34 | 1.10° | 1.47.10% | -2.10° -1.487

Table 3. Comparison between the data on Apophis” encounter with the
Earth obtained with different integration accuracies: Ly is the digit num-
ber in decimal digits.

Since all test calculations were performed considering the pa-
rameters of solution 1, it follows from here that the data that will
be presented below are accurate in terms of time within 1', and in
terms of distance, within 1.5 km. We emphasize here that the
graphical data of Fig. 1, a for solutions 1 and 3 are perfectly coin-
cident. The slight differences of solution 2 from solutions 1 and 3
are observed for T > 0.87 century.

So, during the forthcoming one-hundred-year period the as-
teroid Apophis will most closely approach the Earth only. This
event will occur at the time Ta counted from epoch JDy. The ap-
proach refers to the Julian day JDa = 2462240.406809 and calen-
dar date April 13, 2029, 21 hour 45'47" GMT. The asteroid will
pass at a minimum distance of 38907 km from the Earth center,
ie. at a distance of 6.1 of Earth radii. A next approach of Apo-
phis to the Earth will be on the 578-th year from epoch JDy; at
that time, the asteroid will pass the Earth at an almost twice
greater distance.

The calculated time at which Apophis will close with the
Earth, April 13, 2029, coincides with the approach times that
were obtained in other reported studies. For instance, in the re-
cent publication [1] this moment is given accurate to one minute:
21 hour 45' UTC, and the geocentric distance was reported to be
in the range from 5.62 to 6.3 Earth radii, the distance of 6.1 Earth
radii falling into the latter range. The good agreement between
the data obtained by different methods proves the obtained data
to be quite reliable. On the other hand, the calculations were per-
formed assuming slightly different values of Apophis’ initial
orbital elements, the difference being in the fourth-fifth digit. We
therefore believe that subsequent refinements of orbit-element
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values will yield no substantial corrections for the 2029 approach
data.
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Fig. 1. Apophis’ encounters with celestial bodies during the time

AT to a minimum distance Ryuin, km: Mars (Ma), Earth (Ea), Moon
(Mo), Venus (Ve) and Mercury (Me); a, b - AT =1 year; ¢ - AT =10
years. T, cyr is the time in Julian centuries from epoch Dy (No-
vember 30.0, 2008).

As for the possible approach of Apophis to the Earth in 2036,
there will be no such an approach (see Fig. 1, a). A time-closest
Apophis” approach at the point F to a minimum distance of 7.26
million km will be to the Moon, September 5, 2037.

5. Apophis Orbit Evolution

In integrating motion equations (1) over the interval -1 cen-
tury < T <1 century the coordinates and velocities of the bodies
after a lapse of each one year were recorded in a file, so that a
total of 200 files for a one-year time interval were obtained. Then,
the data contained in each file were used to integrate equations
(1) again over a time interval equal to the orbital period of Apo-
phis and, following this, the coordinates and velocities of the
asteroid, and those of Sun, were also saved in a new file. These
data were used in the program DefTra to determine the parame-
ters of Apophis’ orbit relative to the Sun in the equatorial coordi-
nate system. Such calculations were performed hands off for
each of the 200 files under the control of the program PaOrb.
Afterwards, the angular orbit parameters were recalculated into
the ecliptic coordinate system (see Fig. 2).

As it is seen from Fig. 2, the eccentricity e of the Apophis or-
bit varies non-uniformly. It shows jumps or breaks. A most pro-
nounced break is observed at the moment T4, at which Apophis
most closely approaches the Earth. A second most pronounced
break is observed when Apophis approaches the Earth at the
moment Tp.
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The longitude of ascending node 2 shows less breaks, exhib-
iting instead rather monotonic a decrease (see Fig. 2). Other or-
bital elements, namely, i, &, 4, and P, exhibit pronounced breaks
at the moment of Apophis’ closest pass near the Earth (at the
moment T4).

0.195 208
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0192 g
0.189 206
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320,
L7
2.9
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1
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S
0.9 | 1B 300
1 05 0A 05 1-1 -5 0405 Ty

Fig. 2. Evolution of Apophis’ orbital parameters under the a ction
of the planets, the Moon and the Sun over the time interval -100
years + +100 years from epoch November 30.0, 2008: 1 - as re-
vealed through integration of motion equations (1); 2 - initial val-
ues according to Table 1. The angular quantities: €, i,, and ¢, are
given in degrees; the major semi -axis 4 in AU; and the orbital p e-
riod P in days.

The dashed line in Fig. 2 indicates the orbit-element values at
the initial time, also indicated in Table 1. As it is seen from the
graphs, those values coincide with the values obtained by inte-
gration of equations (1), the relative difference of ¢, £, i, @, a,
and P from the initial values at the moment T=0 (see Table 1)
being respectively 9.4-10-6, -1.1-10-6, 3.7-10-6, -8.5-106, 1.7-10-5, and
3.1-105. This coincidence testifies the reliability of computed data
at all calculation stages, including the determination of initial
conditions, integration of equations, determination of orbital
parameters, and transformations between the different coordi-
nate systems.

As it was mentioned in Introduction, apart from non-
simplified differential equations (1) for the motion of celestial
bodies, other equations were also used. It is a well-known fact
that in perturbed-motion equations orbit-element values are
used. For this reason, such equations will yield appreciable er-
rors in determination of orbital-parameter breaks similar to those
shown in Fig. 2. Also, other solution methods for differential
equations exist, including those in which expansions with re-
spect to orbital elements or difference quotients are used. As it
was already mentioned in Introduction, these methods proved to
be sensitive to various resonance phenomena and sudden orbit
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changes observed on the approaches between bodies. Equations
(1) and method (2) used in the present study are free of such
shortcomings. This suggests that the results reported in the pre-
sent paper will receive no notable corrections in the future.

6. Examination of Apophis’ Trajectory in the
Vicinity of Earth

In order to examine the Apophis trajectory in the vicinity of
Earth, we integrated equations (1) over a two-year period start-
ing from T; = 0.19 century. Following each 50 integration steps,
the coordinate and velocity values of Apophis and Earth were
recorded in a file. The moment T4 at which Apophis will most
closely approach the Earth falls into this two-year period. The
ellipse EoE; in Fig. 3 shows the projection of the two-year Earth’s
trajectory onto the equatorial plane xOy. Along this trajectory,
starting from the point Eo, the Earth will make two turns. The
two-year Apophis trajectory in the same coordinates is indicated
by points denoted with the letters Ap. Starting from the point
Apo, Apophis will travel the way ApoApi1Ap.Ap2ApeAp: to most
closely approach the Earth at the point Ap. at the time Ta. After
that, the asteroid will follow another path, namely, the path
ApApsApy.

1.2
¥y, AU

AP_{ 0\\\

0.8

0.4

-1.2 |
-1.2 -0.8 -0.4 0 0.4 0.8 x AU

Fig. 3. The trajectories of Apophis (Ap) and Earth (E) in the bary-
centric equatorial coordinate system xOy over a two-year period:
Apo and Ej are the initial position of Apophis and Earth; Apris
the end point of the Apophis trajectory; Ap. is the point at which
Apophis most closely approaches the Earth; the coordinates x
and y are given in AU.

Figure 4, a shows the trajectory of Apophis relative to the
Earth. Here, the relative coordinates are determined as the dif-
ference between the Apophis (Ap) and Earth (E) coordinates:

Yr=Yap —VEs X = Xgp — XE- (15)
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Fig. 4. Apophis’ trajectory (1) in the geocentric equatorial coord i-
nate system x,Oy;: a - on the normal scale, b - on magnified scale
on the moment of Apophis’ closest approaches to the Earth (2); 3
- Apophis’ position at the moment of its closest approach to the
Earth following the correction of its trajectory with factor k =
0.9992 at the point Apy; the coordinates x, and y, are given in AU.

Along trajectory 1, starting from the point Apy, Apophis will
travel to the Earth-closest point Ap,, the trajectory ending at the
point Apy. The loops in the Apophis trajectory represent a reverse
motion of Apophis with respect to Earth. Such loops are made by
all planets when observed from the Earth [20].

At the Earth-closest point Ap. the Apophis trajectory shows a
break. In Fig. 4, b this break is shown on a larger scale. Here, the
Earth is located at the origin, point 2. The Sun (see Fig. 3) is lo-
cated in the vicinity of the barycenter O, i.e., in the upper right
quadrant of the Earth-closest point Ap.. Hence, the Earth-closest
point will be passed by Apophis as the latter will move in be-
tween the Earth and the Sun (see Fig. 4, b). As it will be shown
below, this circumstance will present certain difficulties for pos-
sible use of the asteroid.

7. The Transformation of Asteroid Apophis
into the Earth’s Satellite

So, on April 13, 2029, we will become witnesses of a unique
phenomenon, the pass of a body 31 million tons in mass near the
Earth at a minimum distance of 6.1 Earth radii from the center of
Earth. Over subsequent 1000 years, Apophis will never approach
our planet closer.

Many space-travel scientists, for instance, K.E. Tsiolkovsky
and Yu.A. Kondratyuk, believed that the near-Earth space will be
explored using large manned orbital stations. Yet, delivering
heavy masses from Earth into orbit presents a difficult engineer-
ing and ecological problem. For this reason, the lucky chance to
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turn the asteroid Apophis into an Earth bound satellite and, then,
into a habited station presents obvious interest.

Among the possible applications of a satellite, the following
two will be discussed here. First, a satellite can be used to create
a space lift. It is known that a space lift consists of a cable tied
with one of its ends to a point at the Earth equator and, with the
other end, to a massive body turning round the Earth in the
equatorial plane in a 24-hour period, P; = 24-3600 sec. The radius
of the satellite geostationary orbit is

R, =3 P2G(m, +m;)/4x° =42241km=662Rz. (16)

In order to provide for a sufficient cable tension, the massive
body needs to be spaced from the Earth center a distance greater
than Rgs. The cable, or several such cables, can be used to convey
various goods into space while other goods can be transported
back to the Earth out of space.

If the mankind will become able to make Apophis an Earth
bound satellite and, then, deflect the Apophis orbit into the equa-
torial plane, then the new satellite would suit the purpose of cre-
ating a space lift.

A second application of an asteroid implies its use as a “shut-
tle” for transporting goods to the Moon. Here, the asteroid is to
have an elongated orbit with a perihelion radius close to that of a
geostationary orbit and an apogee radius approaching the peri-
gee radius of the lunar orbit. In the latter case, at the geostation-
ary-orbit perigee goods would be transferred onto the satellite
Apophis and then, at the apogee, those goods would arrive at the
Moon.

The two applications will entail the necessity of solving many
difficult problems which may finally prove unsolvable. On the
other hand, none of those problems will be solved at all without
making Apophis an Earth satellite. Consider now the possibili-
ties available here.

The velocity of the asteroid relative to the Earth at the Earth-
closest point Ap. is v, =7.39 km/s. The velocity of an Earth

bound satellite orbiting at a fixed distance Ryina from the Earth
(circular orbit) is

Vg =A/GOn, +my)/ Ry, =3.2 ks (17)

min A

For the asteroid to be made an Earth-bound satellite, its ve-
locity v,, should be brought close to v.,. We performed inte-

gration of equations (1) assuming the Apophis velocity at the
moment T4 to be reduced by a factor of 1.9, i.e,, the velocity
Vg =7.39 km/s at the moment T4 was decreased to 3.89 km/s.

In the later case, Apophis becomes an Earth bound satellite with
the following orbit characteristics: eccentricity e;; = 0.476, equa-
tor-plane inclination angle is; = 39.2°, major semi-axis as; = 74540
km, and sidereal orbital period Py = 2.344 days.

We examined the path evolution of the satellite for a period
of 100 years. In spite of more pronounced oscillations of the or-
bital elements of the satellite in comparison with those of plane-
tary orbit elements, the satellite’s major semi-axis and orbital
period proved to fall close to the indicated values. For the rela-
tive variations of the two quantities, the following estimates were
obtained: | dn| < +2.75-104 and | 6P| < +4.46-10-4. Yet, the satel-
lite orbits in a direction opposite both to the Earth rotation direc-
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tion and the direction of Moon’s orbital motion. That is why the
two discussed applications of such a satellite turn to be impossi-
ble.

Thus, the satellite has to orbit in the same direction in which
the Earth rotates. Provided that Apophis (see Fig. 4, b) will round
the Earth from the night-side (see point 3) and not from the day-
side (see line 1), then, on a decrease of its velocity the satellite
will be made a satellite orbiting in the required direction.

For this matter to be clarified, we have integrated equations
(1) assuming different values of the asteroid velocity at the point
Ap: (see Fig. 3). This point, located at half the turn from the
Earth-closest point Ap., will be passed by Apophis at the time
T4p1=0.149263369488169 century. At the point Ap; the projections
of the Apophis velocity in the barycentric equatorial coordinate
system are v, =-25.6136689 km/s, v, =17.75185451 km/s,

and v, = 595159206 km/s. In the numerical experiments, the

component values of the satellite velocity were varied to one and
the same proportion by multiplying all them by a single factor k,
and then equations (1) were integrated to determine the trajec-
tory of the asteroid. Figure 5 shows the minimum distance to
which Apophis will approach the Earth versus the value of k by
which the satellite velocity at the point Ap; was reduced.

2-16°
Rmirx,km
1-16° B nin
; AN
N
0
Pl R e N B
e /
3
-1-10°

0.9999 §.99995 1 Loo0a5 K

Fig. 5. The minimum distance Ry.in to which Apophis will
approach the Earth center versus the value of k (k is the ve-
locity reduction factor at the point A; (see Fig. 3)). The posi-
tive values of Ry refer to the day-side: the values of Ryuin are
given in km; 1 - the minimum distance to which Apophis
will approach the Earth center on April 13, 2029 (day -side); 2
- the minimum distance to which Apophis will approach the
Earth center after the orbit correction (ni ght-side); 3 - geosta-
tionary orbit radius Rgs.

We found that, on decreasing the value of k (see Fig. 5), the
asteroid will more closely approach the Earth, and at k =
0.9999564 Apophis will collide with the Earth. On further de-
crease of asteroid velocity the asteroid will close with the Earth
on the Sun-opposite side, and at k = 0.9992 the asteroid will ap-
proach the Earth center (point 3 in Fig. 4, b) to a minimum dis-
tance Ryuinz = 39157 km at the time T3 = 0.2036882 century. This
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distance Ryuin3 roughly equals the distance Ryuina to which the as-
teroid was found to approach the Earth center while moving in
between the Earth and the Sun.

In this case, the asteroid velocity relative to the Earth is also

V g =7.39 km/s. On further decrease of this velocity by a factor

of 1.9, i.e,, down to 3.89 km/s Apophis will become an Earth
bound satellite with the following orbit parameters: eccentricity
ez = 0.486, equator plane inclination angle i;; = 36°, major semi-
axis as = 76480 km, and sidereal period Ps; = 2.436 day. In addi-
tion, we investigated into the path evolution of the Earth bound
satellite over a 100-year period. The orbit of the satellite proved
to be stable, the satellite orbiting in the same direction as the
Moon does.

Thus, for Apophis to be made a near-Earth satellite orbiting
in the required direction, two decelerations of its velocity need to
be implemented. The first deceleration is to be effected prior to
the Apophis approach to the Earth, for instance, at the point Ap;
(see Fig. 3), 0.443 year before the Apophis approach to the Earth.
Here, the Apophis velocity needs to be decreased by 2.54 m/s. A
second deceleration is to be effected at the moment the asteroid
closes with the Earth. In the case under consideration, in which
the asteroid moves in an elliptic orbit, the asteroid velocity needs
to be decreased by 3.5 km/s.

Slowing down a body weighing 30 million tons by 3.5 km/s
is presently a difficult scientific and engineering problem. For
instance, in [4] imparting Apophis with a velocity of 106 m/s
was believed to be a problem solvable with presently available
engineering means. On the other hand, the authors of [4] con-
sider increasing the velocity of such a body by about 1-2 cm/s a
difficult problem. Yet, with Apophis being on its way to the
Earth, we still have a twenty-year leeway. After the World War
II, even more difficult a problem, that on injection of the first
artificial satellite in near-Earth orbit and, later, the launch of
manned space vehicles, was successfully solved in a period of
ten years. That is why we believe that, with consolidated efforts
of mankind, the objective under discussion will definitely be
achieved.

It should be emphasized that the authors of [1] considered
the possibility of modifying the Apophis orbit for organizing its
impact onto asteroid (144898) 2004 VD17. There exists a small
probability of the asteroid’s impact onto the Earth in 2102. Yet,
the problem on reaching a required degree of coordination be-
tween the motions of the two satellites presently seems to be
hardly solvable. This and some other examples show that many
workers share an opinion that substantial actions on the asteroid
are necessary for making the solution of the various space tasks a
realistic program.

Conclusions

1. Through an analysis of literature sources, deficiencies of
the previous calculation methods for asteroid motion were re-
vealed, including: (i) inaccuracies in calculating difference quo-
tients, (ii) the use of ephemerides outside their approximation
interval, (ii) effects induced by resonances in simplified differen-
tial motion equations, (iv) sensitivity of perturbed motion equa-
tions to orbit-element breaks.
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2. A method free of such deficiencies was used to numerically
integrate non-simplified motion equations of Apophis, the plan-
ets, the Moon, and the Sun over a 1000-year period.

3. In the course of test computations, through a comparison
with results obtained by other authors, reliability of obtained
data was confirmed.

4. On 21 hour 45' GMT, April 13, 2029 Apophis will pass
close to the Earth, at a minimum distance of 6.1 Earth radii from
Earth’s center. This will be the closest pass of Apophis near the
Earth in the forthcoming one thousand years.

5. Calculations on making Apophis an Earth bound satellite
appropriate for solving various space exploration tasks were
performed.

Acknowledgements

The authors express their gratitude to T.Yu. Galushina and
V.G. Pol, who provided them with necessary data on asteroid
Apophis. They are also grateful to the staff of the Jet Propulsion
Laboratory, USA, whose sites were used as a data source from
which initial data for integration of motion equations were bor-
rowed. The site by Edward Bowell (ftp://ftp.lowell.edu/
pub/elgb/) was helpful in grasping the specific features of as-
teroid data representation and in avoiding possible errors in
their use.

References

[1] Giorgini ].D., Benner L.A.M., Ostro S.I., Nolan H.C., Busch M.W.
Predicting the Earth encounters of (99942) Apophis // Icarus.
2008, Vol. 193, pp. 1-19.

[2] Tucker R., Tholen D., Bernardi F. // MPS 109613, 2004.

[3] Garradd G.J. // MPE Circ., 2004, Y25.

[4] Rykhlova L.V, Shustov B.M., Pol V.G., Sukhanov K.G. Urgent
problems in protecting the Earth against asteroids // Near -Earth
Astronomy 2007 // Intern. Conf. Proceedings, September 3 -7,
2007, Terskol, International Center for Astronomic and Medical -
Ecological Research of the Ukrainian National Academy of Sc i-
ences and Institute of Astronomy, RAS, Nal'chik, 2008, pp. 25 -33.

[5] Emel'yanov V.A., Merkushev YuK., Barabanov S.I. Cyclicity of
Apophis observation sessions with space and ground -based tele-
scopes // ibid., pp. 38 -43.

[6] Emel'yanov V.A,, Luk’yashchenko V.I., Merkushev Yu.K., Uspe n-
skii G.R. Determination accuracy of asteroid Apophis’ orbit pa-
rameters ensured by space telescopes // ibid., pp. 59 -64.

[7] Sokolov L.L., Bashakov A.A., Pit'ev N.P. On possible encounters of
asteroid 99942 Apophis with the Earth // ibid., pp. 33 - 38.

[8] Everhart E. Implicit single -sequence methods for integrating orbits
// Celest. Mech., 1974, Vol. 10, pp. 35 -55.

[9] Bykova L.E., Galushina T.Yu. Evolution of the probable travel path
of asteroid 99942 Apophis / /See ref. 4, i bid., pp. 48 - 54.

[10] Bykova L.E., Baturin A.P., Galushina T.Yu. Trajectories in the re-
gion of possible travel paths of asteroid 99942 Apophis // Fu n-
damental and Applied Problems in Modern Mechanics. Procee d-
ings of the VI All-Russia Scientific Conference Devoted to the 130 -

PROCEEDINGS of the NPA 577

year Anniversary of the Tomsk State Univ ersity and 40-year Anni-
versary of the Research Institute of Applied Mathematics and M e-
chanics at TSU. Tomsk, September 30 - October 2, 2008, pp. 417-
418.

[11] Smirnov E.A. Advanced numerical methods for integrating m otion
equations of asteroids approachi ng the Earth // Intern. Conf. Pr o-
ceedings, September 3-7, 2007, Terskol, International Center for
Astronomic and Medical -Ecological Research of the Ukrainian N a-
tional Academy of Sciences and Institute of Astronomy, RAS,
Nal’chik, 2008, pp. 54-59.

[12] Ivashkin V.V., Stikhno K.A., An analysis of the problem on correc t-
ing asteroid Apophis” orbit // ibid., pp. 44 -48.

[13 ] Grebenikov E.A., Smulsky ].J., Numerical invest igation of the Mars
orbit evolution in the time interval of hundred million / Reports
on Applied Mechanics. Russian Academy of Sciences: A.A.
Dorodnitsyn Computing Center. Moscow, A.A. Dorodnitsyn
Computing  Center. - 2007. 63p. (In Russian,
http:/ /www.ikz.ru/~smulski/ Papers/EvM al00m4t2.pdf).

[14] Mel'nikov V.P., Smul’skii LI, Smul’skii Ya.l., 2008. Compound
modeling of Earth rotation and possble implications for interaction

of continents // Russian Geology and Geophysics, 49, 851 -858. (In
English, http:/ /www.ikz.ru/~smulski/Papers/RGG190.pdf .)

[15] Smulsky ].J. Optimization of Passive Orbit with the Use of Gravity
Maneuver // Cosmic Research, 2008, Vol. 46, Ne 55, P. 456-464. (In
English, http:/ /www.ikz.ru/~smulski/Papers / COSR456.PDF).

[16 ] Smulsky,].]. The Theory of Interaction. (Novosibirsk: Publishing
house of Novosibirsk University, Scientific Publishing Center of

United Institute of Geology and Ge ophysics Siberian Branch of
Russian Academy of Sciences, 1999 -293 p.) (In Russian,
http:/ /www.ikz.ru/~smulski/TVfulA5_2.pdf). Smulsky, ].J. The
Theory of Interaction. - Ekaterinburg, Russia: Publishin g house
"Cultural Information Bank", 2004. - 304 p. (In English,
http:/ /www.ikz.ru/~smulski/ TVEnA5_2.pdf).

[17] JPL Small-Body Database. Jet Propulsion Laboratory. California

99942  Apophis (2004 MN4).
http:/ /ssd.jpl.nasa.gov/sbdb.cgi?sstr=Apophis;orb=1 .

[18] Bowell E. The Asteroid Orbital Elements Database, Lowell
Observatory, ftp:/ /ftp.lowell.edu/pub/elgb/ .

[19] A Reference Manual on Celestial Mechanics and Astrodynamics /
G.N. Duboshin (editor). 2d revised edition, Moscow, Nauka, 1976,
862 p.

[20] Smulsky J.J. A mathematical model for the Solar system // Theo-
retical and Applied Problems in Nonlinear Analysis. Russian

Institute of Technology.

Academy of Sciences, A.A. Dorodnitsyn Computing Center . Mos-
cow, A.A. Dorodnitsyn Computing Center . - 2007, pp. 119-139.
http:/ /www.ikz.ru/~smulski/Papers/MatMdSS5.pdf .

[21] Ephemerides of the Jet Propulsion Laboratory, USA, see

http:/ /ssd. jpl.nasa.gov/?ephemerides .

[22] Standish EM. JPL Planetary and Lunar Ephemerides,
DE405/LE405.// Interoffice memorandum: JPL IOM 312. F - 98-
048. August 26. 1998. (ftp://ssd.jpl.nasa.gov/pub/eph/export/
DE405/).



ftp://ssd.jpl.nasa.gov/pub/eph/export/DE405/
ftp://ssd.jpl.nasa.gov/pub/eph/export/DE405/
http://ssd.jpl.nasa.gov/?ephemerides
http://www.ikz.ru/~smulski/Papers/MatMdSS5.pdf
ftp://ftp.lowell.edu/pub/elgb/
http://ssd.jpl.nasa.gov/sbdb.cgi?sstr=Apophis;orb=1
http://www.ikz.ru/~smulski/TVEnA5_2.pdf
http://www.ikz.ru/~smulski/TVfulA5_2.pdf
http://www.ikz.ru/~smulski/Papers/COSR456.PDF
http://www.ikz.ru/~smulski/Papers/RGG190.pdf
http://www.ikz.ru/~smulski/Papers/EvMa100m4t2.pdf
ftp://ftp.lowell.edu/pub/elgb/
ftp://ftp.lowell.edu/pub/elgb/

	1. Introduction
	2. Problem Statement
	3. Preparation of Initial Data
	4. Apophis’ Encounter with the Planets and the Moon
	5. Apophis Orbit Evolution
	6. Examination of Apophis’ Trajectory in the Vicinity of Earth
	7. The Transformation of Asteroid Apophis into the Earth’s Satellite
	Conclusions
	Acknowledgements
	References

